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Abstract—In this paper, we propose an iterative algorithm
that allows a set of interconnected nodes to reach approximate
consensus in a finite number of steps, i.e., allows the nodes to
reach agreement to within a pre-specified bound in finite time.
While this algorithm could be used in many applications, we
discuss it within the context of a distributed control architecture for frequency regulation in islanded AC microgrids. Our
approach to achieving finite-time approximate consensus builds
upon ratio consensus, a distributed iterative algorithm in which
each node maintains two state variables where the ratio of the
states converges asymptotically to a constant that is equal for
all the nodes. Simulation results illustrating the operation of our
proposed algorithm for two networks are included.

I. I NTRODUCTION
Enabled by technological advancements and motivated by
a desire to increase efficiency, reliability, and adaptability,
microgrids have been proposed as a solution for supplying
electric power in an increasing array of applications. The
archetypical microgrid is comprised of small, land-based generation units and loads interconnected through an electrical
network (e.g., [1], [2]); however, microgrids can also be found
in more electric aircraft (e.g., [3]), ships with electric propulsion (e.g., [4]), and telecommunication installations (e.g., [5]).
Whereas large power systems such as the utility grid
typically employ centralized control architectures (see, e.g.,
[6]), several recent works have proposed distributed alternatives for microgrids (see, e.g., [7], [8] and the references
therein). Despite having similar control objectives, the desire for adaptability and reliability combined with the adhoc nature of microgrids make them particularly well-suited
for control architectures that do not rely on a centralized
processor [9], [10]. In this context, the use of consensus
algorithms and their derivatives is one approach that has been
proposed for distributively controlling the generation units in
microgrids (e.g., [10]). More broadly, consensus-based control
architectures have been proposed in applications for which
adaptability and reliability are critical (see, e.g., [11], [12]).
Regardless of the application, a common approach to consensus relies on a linear iterative strategy in which a network
of interconnected nodes repeatedly update locally-maintained

states—each node updates its state to be a weighted sum of its
own previous state and the previous states of the nodes from
which it can receive information. Although the value to which
the nodes converge in this scheme contains global information
which can be used to make local control decisions, it requires
that the nodes iterate indefinitely, i.e., convergence is obtained
asymptotically. Moreover, while consensus-based approaches
to distributed control have been suggested in the literature,
very little work has been done to show how these proposed
control architectures can be used in real applications which
require finite-time responses. Of particular interest, then, and
the primary contribution of this paper, is the development of a
scheme for reaching consensus in finite time while providing
a mechanism for each node to independently determine when
all nodes in the network have converged to the correct solution
to within a pre-specified level of accuracy.
The aforementioned development of finite-time consensus
algorithms—often referred to as approximate consensus—has
received very limited attention in the literature thus far. In
particular, the authors in [13] propose a scheme which relies
on periodically-reset min- and max-consensus computations
to provide a signal that is used by the nodes to determine
when to stop iterating. This signal ensures that the worstcase error of the primary value being computed remains within
some bound. Compared with the algorithm proposed herein,
the one in [13] requires that the graph modeling the communication network be balanced which is not a straightforward
task in networks with directional links, i.e., communication
networks that correspond to directed graphs. The work in
[14] proposes a similar scheme that can be used to reach
approximate consensus without requiring the parallel minand max-consensus computations, resulting in a reduction in
the amount of information exchanged. However, unlike the
algorithm we propose and the one in [13], the scheme in [14]
requires that the communication network be undirected and
does not provide a mechanism for each node to independently
determine when approximate consensus has been reached. In
fact, in the approach in [14], nodes may stop transmitting at
different times.

The main contribution of this work is the development of
an algorithm that allows a collection of nodes to distributively
compute a value of interest to within an error bound. Moreover,
the algorithm we propose provides a signal which allows the
nodes to determine (simultaneously) when to stop iterating
while ensuring that the worst-case error lies within the bound.
While our algorithm could be used to make adjustments to
any type of actuator, we discuss it in the context of adjusting
the set-points of generation units in a microgrid to drive the
frequency to some nominal value.
Our approach builds upon the ratio-consensus algorithm
(see, e.g., [15]), which enables operation in unbalanced directed communication networks and provides for fast convergence. To achieve these properties, our algorithm, like the
one in [13], relies on finite-time min- and max-consensus
iterations; however, compared with [13], we make use of the
ratio-consensus algorithm which allows the nodes to reach
consensus on values other than the average of the initial
conditions.
The remainder of this paper is organized as follows. Section II provides some preliminaries including requisite notions
from graph theory, an overview of the ratio-consensus algorithm, and a brief description of the min- and max-consensus
algorithms. Section III introduces an event-triggered, distributed control architecture for frequency regulation in microgrids and provides motivation for a finite-time approximate
consensus algorithm. In Section IV we formulate the approximate consensus problem, and propose an algorithm that solves
it. In Section V we illustrate the operation of our proposed
algorithm via simulations and compare it to other solutions.
Finally, we provide some concluding remarks in Section VI.
II. P RELIMINARIES
We begin this section by outlining a graph-theoretic model
to represent a communication network interconnecting the
local controllers of distributed generation resources (DGRs) in
a microgrid. Next, we provide an overview of ratio consensus,
a linear iterative algorithm on which we base our finite-time
approximate consensus algorithm. The finite-time approximate
consensus algorithm, and by extension ratio consensus, is the
foundation of our distributed frequency regulation architecture.
Finally, we introduce the min- and max-consensus algorithms
which are used to provide a stopping signal in our finite-time
scheme.
A. Graph-Theoretic Communication Network Model
To realize a distributed control architecture for frequency
regulation, we assume that each DGR is outfitted with a local
controller that is capable of simple computations. Furthermore,
we assume that each local controller is equipped with a
transceiver with which information can be sent to and received
from the local controllers of other nearby DGRs.
In order to maintain a general communication modality and
to allow for asymmetric communication links, we represent the
exchange of information between DGRs by a directed graph,
G = {V, E}. Given a microgrid with n DGRs, V = {1, . . . , n}

is the set of vertices, where vertex (or node) i ∈ V corresponds
to the local controller of DGR i, and E ⊆ V × V is the
set of directed edges, where the ordered pair (i, j) ∈ E
corresponds to a communication link through which node i can
receive information from node j. For notational convenience,
we include self-loops for each node; thus, (i, i) ∈ E, ∀i ∈ V.
We denote the set of nodes from which the local controller
of DGR i can receive information by Ni− = {j ∈ V : (i, j) ∈
E}. Analogously, Ni+ = {j ∈ V : (j, i) ∈ E} is the set
of nodes to which the local controller of DGR i can send
information. We refer to Ni− and Ni+ as the in- and outneighborhood of node i and denote the cardinality of each set
by Di− = |Ni− | and Di+ = |Ni+ |, respectively. Given that
self-loops are included, each node is in both its own in- and
out-neighborhood, i.e., i ∈ Ni− and i ∈ Ni+ , ∀i ∈ V.
A directed path of length t from node j to i is a sequence
of vertices, j ≡ l0 , l1 , . . . , lt ≡ i, such that (lτ +1 , lτ ) ∈ E for
τ = 0, 1, . . . , t − 1. The minimum distance from node j to
node i, j 6= i, is defined to be the shortest length path from
j to i and is denoted dmin (i, j); if no (directed) path exists,
dmin (i, j) = ∞. Throughout this paper, we assume that G is
strongly connected, i.e., there exists a directed path of finite
length from node j to i for all i, j ∈ V. Furthermore, the
diameter of G is defined as the longest shortest path between
any two vertices, i.e., D = maxi,j∈V,i6=j dmin (i, j) [16].
B. The Ratio-Consensus Algorithm
Ratio consensus is an iterative algorithm that relies on
linear updates to a pair of local states maintained by each
node. When properly initialized, the ratio-consensus algorithm
allows the local controller of each DGR to asymptotically
acquire aggregate information about the state of all the DGRs
in system; this information is then used to make local control
decisions, the collective effect of which can be used to, for
example, drive the frequency in a microgrid to some nominal
value.
Consider a microgrid comprised of n DGRs equipped with
local controllers where the information exchange between
them is described by the previously-mentioned directed graph,
G = {V, E}. To participate in ratio consensus, the local
controller of each DGR i maintains two states, yi and zi ,
which are iteratively updated to be a linear combination of
the previous states of all the nodes in its in-neighborhood.
More specifically, let k ≥ 0 index the iterations; then, each
node i updates its states according to
X
yi [k + 1] =
pij yj [k],
(1)
j∈Ni−

zi [k + 1] =

X

pij zj [k],

(2)

j∈Ni−

where the weights are chosen such that pij = D1+ . While
j
this choice of weights is not unique, it is a simple one that
can be determined distributively and ensures that the weight
matrix, P = [pij ], is column stochastic which is necessary to
guarantee the following result.

If we assume that zi [k] 6= 0, ∀k, each node can compute
the ratio
γi [k] =

yi [k]
zi [k]

(3)

at each iteration, k. Given the choice of weights specified
above and the strong connectivity of G, it can be shown that
the value in (3) converges to a constant that is equal for every
node i. In particular, as proven in [15], we have that
Pn
j=1 yj [0]
, ∀i ∈ V.
(4)
γ := lim γi [k] = Pn
k→∞
j=1 zj [0]
In Section III we will discuss how the ratio-consensus algorithm in (1)–(4) can be used to distributively regulate
frequency in a microgrid.
C. Min and Max Consensus
As mentioned previously, min and max consensus will
be used in our proposed scheme to provide a signal which
indicates when all nodes have converged to within a specified error bound. Given a vector of initial values, M [0] :=

T
M1 [0], . . . , Mn [0] , the max-consensus algorithm allows
each node to determine the maximum of the initial values,
i.e, kM [0]k∞ .
Each node i participating in the max-consensus algorithm
maintains a value, Mi [k], which is updated at each iteration,
k, according to
Mi [k + 1] = max− Mj [k].

(5)

j∈Ni

As proven in [13], after a finite number of iterations bounded
by the diameter of the network, every node converges to the
same value which is the maximum of the initial values, i.e., for
some k0 ≤ D, we have Mi [k] = kM [0]k∞ , ∀i ∈ V, k ≥ k0 .
[Note that min consensus is identical to the discussion above
on max consensus with the max operation in (5) replaced by
the operation min.]
III. D ISTRIBUTED F REQUENCY R EGULATION
Compared with bulk power transmission systems, microgrids have fewer loads, each of which may be large relative
to the total capacity of the DGRs; consequently, there may be
periods during which the frequency does not vary significantly
from its nominal value, while any single load change may
result in a substantial frequency deviation. Furthermore, while
high operational expenses in large power systems necessitate
cost minimization, functioning at the desired operating point is
paramount in microgrids. To account for these characteristics,
we adopt a generation control scheme in which frequency
regulation is the main objective [9], and the control actions are
event-triggered, i.e., DGR set-points are adjusted only when
the frequency deviates beyond some bound.

Frequency regulation algorithm execution
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r=1
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Microgrid evolves with new set-points

Fig. 1. Timeline of distributed generation control algorithms.

A. Fair-Splitting Allocation Scheme
To return the frequency in a microgrid to its nominal value
following one or more load changes, our distributed regulation scheme relies on the execution of the ratio-consensus
algorithm over several rounds (see Fig. 1). Let r index the
rounds over which the scheme is executed, and denote the
amount by which the frequency deviates from the nominal
value (henceforth referred to as frequency regulation error)
at round r by ∆ω r = ω r − ω0 , where ω r is the microgrid
frequency at round r and ω0 is the nominal value of the
frequency.1 Additionally, let uri be the set-point of DGR i
at round r; then the set-point of DGR i at consecutive rounds,
r and r + 1, are related by
ur+1
= ∆uri + uri ,
i

(6)

where ∆uri is the amount by which DGR i should adjust its
set-point at round r to drive the frequency regulation error,
∆ωr , to zero.
Let P i and P i be the lower and upper limit on the set-point
of DGR i, respectively; then, we define ∆Pi r := P i − uri and
r
∆Pi := P i − uri to be the incremental lower and upper limit
of DGR i at round r, respectively. If we assume that each DGR
can get an estimate of ∆ω r by measuring the frequency of the
bus to which it is connected, DGR i estimates the amount by
which it should adjust its set-point as
∆ûri = κi ∆ω r ,

(7)

where κi < 0 is some gain chosen by the local controller of
DGR i. Note that choosing appropriate κi ’s is crucial for stable
operation of the closed-loop system, but a detailed explanation
is beyond the scope of this paper. Assuming a feasible solution
exists, i.e.,
n
X
i=1

∆P ri ≤

n
X
i=1

∆ûri ≤

n
X

r

∆P i ,

(8)

i=1

each node i uses ratio consensus to determine ∆uri by initializing the states in (1) and (2) to yir [0] = ∆ûri − ∆P ri =
r
κi ∆ω r − P i + uri and zir [0] = ∆Pi − ∆Pi r = P i − P i ,
respectively. Given these initial conditions, it follows from (4)
1 We assume that control actions are taken after the system has reached
steady state and all DGRs operate at the same common frequency.

that the local controller of DGR i can asymptotically obtain
γr =
=

y r [k]
lim γir [k] = lim ir ,
k→∞
k→∞ zi [k]
Pn
r
κ
∆ω
− P j + urj
j=1 j
,
Pn
j=1 P j − P j

(9)

which corresponds to the ratio of the sum of the estimated setpoint adjustments to the collective incremental power output
limits of the DGRs.
After ratio consensus has converged, each node i obtains
γ r and can compute the amount by which it should adjust its
set-point at round r as


r
∆uri = ∆P ri + γ r ∆P i − ∆P ri ,
(10)

= P i − uri + γ r P i − P i .
Together with the choice of initial conditions specified above,
the scheme in (7)–(10) allocates incremental demand to each
DGR based upon incremental power output limits; as a result,
we refer to this allocation scheme as fair splitting.
B. Frequency Regulation from Fair Splitting
Given that the allocation scheme described above adjusts
generation set-points incrementally, when executed over several rounds, it drives the frequency error to zero, replicating
the functionality of a discrete-time integral controller.
Let f denote the maximum amount by which the frequency
can deviate from the nominal value, ω0 ; then, our eventriggered control architecture is initiated when one of the
DGRs measures a frequency error that exceeds the bound,
i.e., |∆ω r | > f . After using ratio consensus to obtain γ r ,
adjusting generation set-points, and waiting for the system to
reach steady state, the DGRs may initiate another execution
of the fair-splitting scheme, continuing in this manner until
the frequency returns to within f of the nominal value. The
timeline in Fig. 1 shows the execution of several rounds of
the fair-splitting scheme, where the frequency error is driven
sufficiently close to zero at round r = s. As the figure illustrates, each round consists of executing the ratio-consensus
algorithm, adjusting the DGR set-points, and waiting for the
microgrid to reach steady state.
The Need for Finite-Time Approximate Consensus: Although the distributed scheme described above can be shown
to regulate the frequency in a microgrid (see, e.g., [10]), the
result in (4) implies that the value with which DGR local
controllers make decisions, γ, is found asymptotically. In
practice, executing a finite number of iterations is adequate
to compute γ to sufficient accuracy, however, the number
of iterations to be executed must be specified beforehand to
guarantee a sufficiently-accurate solution. In the next section,
we propose an algorithm based upon ratio consensus that
allows the nodes to simultaneously determine when to stop
iterating while ensuring that γ is sufficiently close to the
asymptotic solution without pre-specifying the number of
iterations to be performed.

IV. F INITE -T IME A PPROXIMATE C ONSENSUS
First, we provide a formal statement of the problem to be addressed. Then, we introduce an algorithm which uses min- and
max-consensus computations to determine the error among
the values computed by the nodes using ratio consensus; this
approach allows the nodes to simultaneously determine when
to stop iterating while ensuring that the worst-case error of the
ratio is within a specified bound.
A. Approximate Consensus Problem
We consider fixed communication networks which can be
described by the directed graph G = {V, E} as introduced in
Section II-A. Although it is not a requirement, a broadcast
model is used for all information exchanges, i.e., each node
sends the same data to all nodes in its out-neighborhood.
Furthermore, we assume that all transmitted information
is successfully received by the intended recipient, i.e., the
communication network is completely reliable, however, our
proposed strategy could be adapted to utilize the algorithm
proposed in [17] to mitigate the effects of links that do not
have perfect availability, i.e., they drop packets.
The following definition and problem statement serve to
formalize the objective of our proposed algorithm.
Definition 1: (-Approximate Ratio Consensus) Consider a
network of nodes described by a directed graph G = {V, E}.
Each node i maintains two states, yi and zi , which are updated
according to (1) and (2), respectively, for k0 iterations. At
the end of this iterative process, the nodes have reached approximate ratio consensus if
yi [k0 ]
− γ < , ∀i ∈ V,
zi [k0 ]
where γ is as defined in (4).
Problem Statement: Let  be an error bound specified a
priori and known by all nodes; then, the goal is to develop a
distributed scheme that allows each node i to use ratio consensus to compute γi in finite time such that |γi −γ| < , ∀i ∈ V.
More specifically, the objective is to devise a distributed
protocol that allows the nodes to reach -approximate ratio
consensus.
B. Algorithm for Approximate Consensus
As mentioned previously, the proposed algorithm takes
advantage of min- and max-consensus iterations to allow
the nodes to determine the time step, k0 , when their ratios,
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Fig. 2. Graph of 4-node network.

Algorithm 1: Approximate Ratio Consensus with Distributed Stop Detection
Input: yi [0], zi [0], 
Output: γ
begin
Set
Mi [0] = ∞, mi [0] = −∞
ratioi = yi [0]/zi [0], pji =

1
Di+

Let k ≥ 0 index iterations
while ui [k] = 0 do
if k mod D = 0 then
if Mi [k] − mi [k] <  then
Set ui [k] = 1
Set Mi [k] = mi [k] = ratioi = yi [k]/zi [k]

V. S IMULATION R ESULTS
In this section we provide simulation results which illustrate
the operation of Algorithm 1 for two networks. The first
network we consider matches the one in [10] which we use to
illustrate how the approximate consensus algorithm could be
used to regulate frequency in a microgrid. The second network
contains 12 nodes which we use to compare the performance
of our algorithm with the ones in [13] and [14].

Broadcast to all j ∈ Ni+
pji yi [k], pji zi [k], Mi [k], mi [k]
Receive from all l ∈ Ni−
pil yl [k], pil zl [k], Ml [k[, ml [k]
Compute

A. 4-Node Network
P
yi [k + 1] = l∈N − pil yl [k]
P i
zi [k + 1] = l∈N − pil zl [k]
i

Mi [k + 1] =maxl∈N − Ml [k]
i

mi [k + 1] =minl∈N − ml [k]
i

return ratioi =: γ

2

0
5
10
Iteration, k

15

Fig. 3. Primary ratio evolution for 4-node
network.

In [10] we used a 4-bus laboratory microgrid to demonstrate
a distributed frequency regulation scheme based upon ratio
consensus. In the experimental setup in [10], the exchange of
information between the DGR local controllers is modeled by
the graph in Fig. 2 and the number of iterations to be executed
by the nodes is specified beforehand to be 75. Furthermore,
in the results in [10], it was shown that 3 rounds of the
fair spitting scheme were necessary to drive the frequency
sufficiently close to zero. Thus, following one load change, a
total of 225 ratio consensus iterations were required.
Using Algorithm 1, we simulated the same network with
similar initial conditions to determine the number of iterations
necessary to converge to a solution in which |γi −γ| < 0.0001,
i.e.,  = 0.0001. The plots in Figs. 3, 4, and 5 show
the evolution of the primary ratio, min consensus, and max
consensus as computed by the nodes, respectively; as the
figures illustrate, only 15 iterations are required before the
nodes determine the maximum error is below the bound.
Mi [k], i = 1, 2, 3, 4

mi [k], i = 1, 2, 3, 4

{γi [k0 ] | i ∈ V}, are within  of each other. Similar to ratio
consensus, each node i participating in our proposed algorithm
will maintain two states, yi [k] and zi [k], referred to as primary
states, which will be used as before to compute the value γ
for making local control decisions. Additionally, each node
i will maintain two auxiliary states, mi [k] and Mi [k], which
are updated using min- and max-consensus, respectively. As in
[13], the auxiliary states, mi [k] and Mi [k], will be periodically
γi [k], i = 1, 2, 3, 4

reinitialized.
In order to allow the nodes to determine when all the ratios
in the set {γi | i ∈ V} are close to the asymptotic value,
we use min- and a max-consensus, reset every D steps. More
specifically, when k mod D = 0, the values of mi [k] and
Mi [k] are reinitialized to be mi [k] = Mi [k] = γi [k]. Before
reinitializing the values of mi [k] and Mi [k], node i checks if
the worst case error between the node ratios, given by |Mi [k]−
mi [k]| = Mi [k] − mi [k] is smaller than the desirable error
bound, i.e., if Mi [k] − mi [k] <  for k mod D = 0; if that
is the case, then the nodes stop iterating. The pseudocode for
the algorithm above is provided in Algorithm 1; we omit a
convergence proof due to space limitations.

2

0
5
10
Iteration, k

15

Fig. 4. Evolution of min consensus for 4-node
network.
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Fig. 5. Evolution of max consensus for 4-node
network.
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Fig. 6. Graph of 12-node network (self loops omitted).

Compared with the results in [10], the finite-time approximate
consensus scheme requires only 48 iterations.

comparatively, our approach requires 24.8% and 24.0% fewer
iterations, respectively. While this represents a significant
reduction in the number of iterations required, nodes in our
approach must maintain 4 state variables compared to 3
and 1 in [13] and [14], respectively. Despite this additional
overhead, the algorithm we propose can be used for more
general computations and works in networks for which the
graph representing the information exchange is directed and
unbalanced. Furthermore, the effects on the communication
network would be minimal as all values exchanged between
nodes in our approach can be included in a single packet of
even the most simple protocols, e.g., IEEE 802.15.4.

B. 12-Node Network

VI. C ONCLUDING R EMARKS

While ratio consensus, and by extension, the algorithm
proposed in this paper, can be used to compute more general
quantities over a network of interconnected nodes, if properly
initialized, it can also be used to compute the average of some
values possessed by the nodes. More specifically, suppose each
node i possesses a value xi , to find the average of these values,
it suffices to initialize the states in (1) and (2) to yi [0] = xi
and zi [0] = 1, for all i ∈ V, respectively. As implied by (4),
the ratio
Pncomputed by the nodes will asymptotically approach
Pn
xj
= n1 j=1 xj , i.e., the average of the values
γ = Pj=1
n
1
j=1
xi . Using this approach, we compare our proposed algorithm
with the ones in [13] and [14] by simulating it for the network
illustrated by the graph in Fig. 6.
As in the previously-referenced work, we use our proposed
algorithm to compute the average of the following values

T
x = a, a, a, a, b, b, b, b, b, b, a, a ,
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