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Abstract— In this paper, we address the problem of opti-
mally dispatching a set of distributed energy resources (DERs)
without relying on a centralized decision maker. We consider a
scenario where each DER can provide a certain resource (e.g.,
active or reactive power) at some cost (namely, quadratic in
the amount of resource), with the additional constraint that the
amount of resource that each DER provides is upper and lower
bounded by its capacity limits. We propose a low-complexity
iterative algorithm for DER optimal dispatch that relies, at
each iteration, on simple computations using local information
acquired through exchange of information with neighboring
DERs. We show convergence of the proposed algorithm to the
(unique) optimal solution of the DER dispatch problem. We
also describe a wireless testbed we developed for testing the
performance of the algorithms.

I. INTRODUCTION

In a push to increase efficiency and reliability, the structure

and functionality of our electricity infrastructure is undergo-

ing radical transformations. Such transformations are enabled

by the integration of advanced communication and control;

and the integration of distributed energy resources (DERs),

e.g., photovoltaic systems, micro-turbines, and plug-in hybrid

vehicles, that can provide functionality to the electric grid

they are connected to beyond their intended purpose. Among

others, these include provision of reactive power for voltage

control, and active power for frequency regulation [1].

To enable this added functionality, it is necessary to

develop appropriate control and coordination mechanisms.

One mechanism relies on a centralized control architecture

in which each DER is directly coordinated by and communi-

cates with a central decision maker. An alternative approach

is to distribute the decision making, eliminating the need for

a central decision maker, but relying on a leader (or other

mechanism) that knows the amount of resource that should

be collectively provided to achieve the desired functionality.

In both cases, the decision making involves solving an

optimal resource allocation problem for coordinating the

DERs to collectively provide a certain amount of a resource

(e.g., active or reactive power), subject to their capacity
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constraints, while minimizing some cost. In this paper, we

address the optimal resource allocation problem for DER

coordination, and provide distributed algorithms to solve it.

In order to address the distributed optimal dispatch prob-

lem, we consider a network of DERs (which we also refer

to as nodes), each of which can provide a certain amount

of active or reactive power, bounded by upper and lower

capacity limits at some cost (namely, quadratic with the

amount of resource). By relying on a distributed computation

over the network, the objective is for the set of DERs to

collectively provide a predetermined amount of the resource,

while minimizing the total cost and ensuring operation within

individual DER capacity limits. We adopt a very general

model for the communication modality between nodes,

allowing the exchange of information to be asymmetric;

specifically, if node i transmits information to another node

j, it is not required that node j transmits information to i.
Our starting point to achieve the above objectives is an

algorithm that relies on two linear iterations [2], [3]. In this

double-iteration algorithm, which we refer to as the ratio

consenus algorithm, each node j in the network maintains

two values yj and zj , which we refer to as internal states,

and updates them (independently of each other) to be, respec-

tively, a linear combination of node j’s own previous internal

states, and the previous internal states of its neighboring

nodes. It is easy to see that, apart for the initialization of

both iterations, the ratio consenus algorithm is a particular

case of a gossip-based algorithm proposed in [4], where

the weights used by each node are allowed to vary as time

evolves. However, the purpose of the algorithm in [4] is for

the nodes to compute the average of their initial values.

A good overview on distributed algorithms for optimiza-

tion problems is provided in [5]; we next discuss more recent

works that are specifically related to ours. The authors of [6]

propose a linear-iterative algorithm for optimal resource al-

location over a network, where the nodes need to collectively

provide a fixed amount of a resource, while minimizing their

individual costs; the main differences from our approach is

that [6] assumes that: the individual component contributions

are not upper- and lower-bounded; and communication links

are symmetric. In [7], the proposed approach is similar to the

one in [6], except for: the equality constraint is substituted by

a set of convex inequalities corresponding to individual node

constraints, and the communication graph is time-varying.

Compared to our work presented herein, [7] imposes no

equality constraint on the sum of the individual contributions.

Finally, the cost function in [8] is similar to the one in [6],

[7], but without equality or inequality constraints.



II. PRELIMINARIES

In this section, we formulate the DER optimal dispatch

problem, and provide a model that describes the commu-

nication network among DERs. We then formulate a linear

iterative distributed algorithm defined over the communica-

tion network which connects the DERs to solve the optimal

dispatch problem in a distributed fashion. The DERs can use

the algorithm to, for example, obtain a feasible solution or

declare infeasibility of the DER optimal dispatch problem.

A. The Optimal DER Dispatch Problem

Without loss of generality, denote by xj the amount of

resource provided by DER j, where the resource provided

could be either active or reactive power with the requirement

that all DERs provide the same type of resource, i.e., all the

xj’s are either active or reactive power. Let 0 < xj < xj ,

for j = 1, 2, . . . , n, denote the minimum (xj) and maximum

(xj) capacity limits on the amount of resource xj that node j
can provide. Denote by X the total amount of resource that

the DERs must collectively provide, i.e., X =
∑n

j=1 xj . If

we assume that the cost associated to each DER is quadratic,

then the optimal DER dispatch problem can be formulated

as follows:

minimize

n
∑

j=1

(xj − αj)
2

2βj

subject to

n
∑

j=1

xj = X

0 < xj ≤ xj ≤ xj , ∀j,

(1)

where αj ≤ 0, and βj > 0 are real numbers. [When the

resource to be provided is active power, the problem in (1) is

commonly referred to as economic dispatch (see, e.g., [9]).]

The objective is to solve the optimization program in (1)

without relying on a centralized decision maker that has

access to all the information defining the problem and pos-

seses adequate computational resources to solve it. Instead

we aim to distribute the computation necessary to solve the

problem. To this end, we assume that each DER is equipped

with a processor that can perform simple computations,

and can exchange information with neighboring DERs. In

particular, the information exchange between nodes (DERs)

can be described by a directed graph G = {V , E}, where

V = {1, 2, . . . , n} is the vertex set (each vertex—or node—

corresponds to a DER), and E ⊆ V × V is the set of edges,

where (j, i) ∈ E if node j can receive information from

node i. Note that E could be a proper subset of V × V , but

we require the graph (V , E) to be strongly connected. For

notational convenience, we allow self-loops for all nodes

in G, i.e., (j, j) ∈ E for all j ∈ V . All nodes that can

possibly transmit information to node j (including itself)

are called its in-neighbors, and are represented by the set

N−
j = {i ∈ V : (j, i) ∈ E}. The nodes that have j as an

in-neighbor (including itself) are called its out-neighbors and

are denoted by N+
j = {l ∈ V : (l, j) ∈ E}; the out-degree

of node j is D+
j = |N+

j |.

B. Centralized Solution to the DER Dispatch Problem

The DER optimal dispatch problem in (1) is convex and

has a separable structure [10, pp. 502-506]; its solution can

be easily found by solving its Lagrange dual (see, e.g., [10],

[11]), which is given by

maximize λX +

n
∑

j=1

fj(λ)

subject to λ ≥ 0,

(2)

where fj(λ), ∀j, are

fj(λ) =















(x
j
−αj)

2

2βj
− λxj , 0 ≤ λ < λ2j−1,

−λ(αj + λ
βj

2 ), λ2j−1 ≤ λ ≤ λ2j ,
(xj−αj)

2

2βj
− λxj , λ2j < λ,

(3)

with λ2j−1 =
xj−αj

βj
> 0 and λ2j =

xj−αj

βj
> 0. The

Lagrange dual problem is convex and, in this case, its

solution also provides the optimal solution to the primal

problem. It is easy to see that fj(·) ∈ C1, ∀j, i.e., all the fj’s

are continuously differentiable; therefore, the cost function in

(2) is also continuously differentiable. Thus, if (2) is feasible,

the optimal solution λ∗ must satisfy

X −
n
∑

j=1

gj(λ
∗) = 0, (4)

where gj(λ) = − dfj(λ)
dλ

, i.e.,

gj(λ) =







xj , 0 ≤ λ < λ2j−1,
αj + λβj , λ2j−1 ≤ λ ≤ λ2j ,

xj , λ2j < λ.
(5)

Now, obtaining the value λ∗ that satisfies (4) is equivalent to

finding the point at which the functions g(λ) :=
∑n

j=1 gj(λ)
and h(λ) := X intersect. With respect to this, it is easy to see

from (5) that gj(λ) is a monotonically increasing piecewise

linear function, thus g(λ) is also a monotonically increasing

piecewise linear function with, at most, 2n+1 line segments

defined by the following 2n points:

U = {λ1, λ2, . . . , λ2n−1, λ2n}.

[The λi’s do not necessarily form an increasing sequence.]

Let U = U+ ∪U−, where U+ and U− contain the λi’s in U
that satisfy g(λi) ≥ X and g(λi) < X , respectively. Now,

following [12], in order to find λ∗, since g(λ) is piecewise

linear, we need to find λ+ and λ− satisfying

λ+ = arg min
λi∈U+

|g(λi)−X |,

λ− = arg min
λi∈U−

|g(λi)−X |,
(6)

and interpolate between these two values to obtain λ∗

satisfying g(λ∗) = X . Thus,

λ∗ = λ+ −
[

g(λ+)−X
] λ+ − λ−

g(λ+)− g(λ−)
, (7)

from where the solution to (1) can be obtained as

x∗
j = gj(λ

∗), ∀j. (8)



It is important to note that while (8) provides the unique

global solution to the DER optimal problem by solving its

Lagrange dual, it requires obtaining the sum of the individual

gj(λ
+)’s gj(λ

−)’s, i.e., a priori, it requires a centralized

decision maker with knowledge of all the individual gj(λ)’s
and X . However, we will show that through a distributed

linear iterative algorithm, each DER can obtain (by ex-

changing information with neighboring nodes) the following

quantities: g(λ+)/X =
∑n

j=1 gj(λ
+)/X and g(λ−)/X =

∑n

j=1 gj(λ
−)/X (and the corresponding λ+ and λ−) with-

out the need for learning the individual functions gj(·), ∀j,

or the values they take for λ+, or λ−, or the value of

X . Then, we will show that by slightly rearranging the

expression in (7), the computation of the ratios above allows

each node to solve the DER optimal dispatch problem in a

distributed fashion.

C. The Ratio Consensus Algorithm

Our starting point to solve the decentralized optimal DER

dispatch problem is a distributed algorithm that we proposed

in our earlier work (see, e.g., [2], [3]). This algorithm, which

we refer to as ratio consenus, is a primitive for all distributed

algorithms subsequently developed; we next provide a brief

overview of its operation.

Consider a strongly connected directed graph G = {V , E}
describing the exchange of information between nodes. Each

node j in the network maintains two values yj and zj ,

which we refer to as internal states, and updates them

(independently of each other) to be, respectively, a linear

combination of node j’s own previous internal states, and

the previous internal states of its in-neighbors. In particular,

for all k ≥ 0, each node j updates its two internal states as

follows:

yj[k + 1] =
∑

i∈N−
j

1

D+
i

yi[k], (9)

zj[k + 1] =
∑

i∈N−
j

1

D+
i

zi[k], (10)

where D+
i is the out-degree of node i ∈ N−

j , and assuming

zj [k] > 0, ∀k, node j computes

γj [k] =
yj [k]

zj [k]
. (11)

Given the choice of weights in (9)–(10), the following lemma

(see [3] for a proof) establishes the convergence of γj [k] to

some constant γ equal for every node j.

Lemma 1: Let yj[k], ∀j, be the result of iteration (9) for

some yj [0], ∀j, and zj[k], ∀j, be the result of iteration (10)

for some zj[0], ∀j. Then, each node j asymptotically obtains

γ := lim
k→∞

γj [k] =

∑n
l=1 yl[0]

∑n
l=1 zl[0]

.

Now, by appropriately choosing a function hj : R → R,

and using only local information, each node j can compute,

in a distributed fashion, some xj = hj(γ) of interest, where

γ involves information of all the nodes in the system that

node j cannot obtain directly from its in-neighbors.

III. DISTRIBUTED ALGORITHMS FOR DER DISPATCH

In this section, we provide distributed algorithms for

dispatching DERs in the following scenarios: i) there are

constraints on DER capacity but the objective function is

identically zero; ii) there are no constraints on DER capacity,

and there is some quadratic cost associated to each DER; and

iii) there are constraints on DER upper and lower capacity,

and there is some quadratic cost associated to each DER.

A. Constrained Fair-Splitting Dispatch Problem

In (1), if we substitute the quadratic cost function by

an objective function that takes value zero if the feasible

set defined by the equality and the inequality constraints is

nonempty, or ∞ if the feasible set is empty, the problem

reduces to the so-called feasibility problem (see, e.g., [11]).

In our earlier work (see, e.g., [2], [3]), we utilized the

algorithm in (9)–(10) to solve the feasibility problem—or

declare infeasibility; next, we revisit this idea.

Consider a strongly connected directed graph G = {V , E}
describing the exchange of information between DERs.

Without loss of generality, we assume that the total amount of

resource X in (1) is known to an entity outside V , referred to

as the leader who is able to communicate with a set of nodes

L+ ⊆ V , L+ 6= ∅. Note that m ≡ |L+| ≥ 1. Furthermore,

i) the initial conditions in (9) are set to yj[0] = X/m− xj

if j ∈ L+, and yj [0] = −xj otherwise, and ii) the initial

conditions in (10) are set to zj [0] = xj − xj , ∀j. Then, as

long as
∑n

j=1 xj ≤ X ≤
∑n

j=1 xj , it immediately follows

from Lemma 1 that the jth DER can asymptotically calculate

its contribution xj as

xj = xj + γ(xj − xj), (12)

where

γ = lim
k→∞

γj [k] = lim
k→∞

yj [k]

zj [k]
=

X −
∑n

l=1 xl
∑n

l=1(xl − xl)
.

Note that (12) satisfies xj ≤ xj ≤ xj , ∀j, and also
∑n

j=1 xj = X . Additionally, every node j can independently

declare infeasibility if γ > 1 or γ < 0. The solution in (12) is

not an optimal solution to the problem in (1), but it provides

a “fair” split of the total amount of resource X proportional

to the “excess” capacity of each DER.

B. Unconstrained Optimal Dispatch Problem

We now consider the case when DER capacity constraints

xj ≤ xj ≤ xj , ∀j, in (1) are removed. Then, (3) reduces to

fj(λ) = −λ(αj+λ
βj

2 ), and (5) reduces to gj(λ) = αj+λβj .

Thus, (4) reduces to
∑n

j=1 αj +λ∗
∑n

j=1 βj = X , and from

(8), it follows that x∗
j = αj +

X−
∑

n
l=1 αl∑

n
l=1 βl

βj , ∀j.

Consider a strongly connected directed graph G = {V , E}
describing the exchange of information between DERs.

Without loss of generality, we assume that that total amount

of resource X in (1) is known to an entity outside V , referred

to as the leader, who is able to communicate with a set of

nodes L+ ⊆ V , L+ 6= ∅. Note that m ≡ |L+| ≥ 1. From the

fair splitting solution to the feasibility problem given in (12),



it is easy to see that the nodes need to run the two linear

iterations in (9)–(10) with i) the initial conditions in (9) set

to yj [0] =
X
m

− αj if j ∈ L+, and yj[0] = −αj otherwise,

and ii) the initial conditions in (10) are set to zj [0] = βj , ∀j.

Then, from Lemma 1, it follows that each node j can obtain

the optimal solution as:

x∗
j = αj + γβj, (13)

where

γ = lim
k→∞

γj [k] = lim
k→∞

yj[k]

zj[k]
=

X −
∑n

l=1 αl
∑n

l=1 βl

.

C. Capacity-Constrained Optimal Dispatch Problem

We now address the most general DER optimal dispatch

problem as posed in (1), i.e., including the capacity con-

straints. As before, consider a strongly connected directed

graph G = {V , E} describing the exchange of information

between DERs. Without loss of generality, we assume that

the total amount of resource X in (1) is known to an

entity outside V , referred to as the leader, who is able to

communicate with a set of nodes L+ ⊆ V , L+ 6= ∅. Note that

m ≡ |L+| ≥ 1. We assume that each DER j has knowledge

of its capacity limits xj and xj as well as its individual cost
(xj−αj)

2

2βj
and it does not share this information with its out-

neighbors.

A key idea to develop a linear-iterative distributed algo-

rithm for solving the DER optimal dispatch problem is to

rewrite the solution to the Lagrange dual in (7) as follows

λ∗ = λ+ −

[

g(λ+)

X
− 1

]

λ+ − λ−

g(λ+)
X

− g(λ−)
X

, (14)

with g(λ+) =
∑n

j=1 gj(λ
+), and g(λ−) =

∑n

j=1 gj(λ
−).

Note that the calculation of (14), which would allow each

node to calculate x∗
j = gj(λ

∗), involves sums of the gj(λ
−)’s

and gj(λ
+)’s, but as stated above, each gj(·) is only known

to node j and it will not share it with its out-neighbors.

However, by inspection of (14) we note that, for each node

j to be able to obtain λ∗, it needs to learn the following

quantities: λ−, λ+,
g(λ+)
X

=
∑n

l=1 gl(λ
+)

X
, and

g(λ−)
X

=
∑

n
l=1 gl(λ

−)

X
; next we discuss how a simple message-passing

protocol together with the ratio consenus algorithm allows

each DER to accomplish this task.

First, each node j needs to obtain
∑

n
l=1 gl(λ)

X
, ∀λ ∈

U ; and then by following (6), it can obtain λ−, λ+, and

the corresponding
∑

n
l=1 gl(λ

+)

X
, and

∑
n
l=1 gl(λ

−)

X
. In order to

demonstrate the basic idea, we will explain the simplest case

when U = {λi}, and then extend the ideas to any number

of λi’s. Without loss of generality, assume that initially,

only node i knows λi; then, by broadcasting λi, the out-

neighbors of i can obtain the value of λi, and in turn they can

broadcast it to their out-neighbors; continuing in this fashion,

in a finite number of steps (bounded by the diameter of the

network), each node j will learn λi. In addition, each node j
maintains two internal states y

(i)
j and zj , which are updated

using the ratio consenus algorithm. In particular, once all

the nodes posses λi, each node j computes gj(λi) and sets

y
(i)
j [0] = gj(λi). Additionally, each node j sets zj [0] = X/m

if j ∈ L+, and zj[0] = 0 otherwise. Then, it follows from

Lemma 1 that

lim
k→∞

y
(i)
j [k]

zj [k]
=

∑n

l=1 gl(λi)

X
, ∀j. (15)

It is important to note that although in the ideas described

above we implied that all the nodes first learn λi through a

message-passing protocol, and then run the ratio consenus

algorithm, in practice, this is not necessary, i.e., by a simple

modification of the algorithm, the message-passing protocol

and the ratio consenus algorithm can get initialized at the

same time and convergence of (15) is guaranteed. In par-

ticular, at k = 0, each node j initializes zj the same way

as above; however, at k = 0, only node i possess λi, thus

only node i sets y
(i)
i [0] = gi(λi), while every other node j,

j 6= i, sets y
(i)
j [0] = 0. [In this scenario, if node i does not

pass the value of λi to its out-neighbors, then, it is clear that

limk→∞
y
(i)
j

[k]

zj [k]
= gi(λi)

X
.] At k = 1, each l ∈ N+

i , i.e., each

node in the out-neighborhood of node i, obtains the value

of λi and computes gl(λi). Then, at this time step, and only

at this time step, each node l ∈ N+
i will add gl(λi) to its

current y
(i)
l [1]. [In this scenario, if nodes l ∈ N+

i do not

pass the value of λi to its out-neighbors, then, it is easy

to see that limk→∞
y
(i)
j

[k]

zj [k]
=

∑
l∈N

+
i

gl(λi)

X
.]. Thus, after a

finite number of steps, k0, each node j obtains λi and, for

some k ≤ k0, adds the corresponding gj(λi) to its y
(i)
j [k];

it follows that
∑n

l=l y
(i)
l [k] =

∑n

l=l gl(λi), ∀k ≥ k0 and

limk→∞
y
(i)
j

[k]

zj [k]
=

∑
n
l=1 gl(λi)

X
.

Now we generalize the ideas above by augmenting the

number of auxiliary variables that each node needs to keep

track of. In particular, each node j maintains and updates

2n + 1 variables, y
(1)
j , y

(2)
j , · · · y

(2n)
j , and zj . Addition-

ally, each node j maintains another set of 2n variables

λ
(1)
j , λ

(2)
j , · · · , λ

(2n)
j . Initially, each node j sets y

(j)
j [0] =

gj(λj), y
(l)
j [0] = 0, ∀l 6= j, and zj [0] = X/m if j ∈ L+, and

zj [0] = 0 otherwise. Additionally, each node j sets λ
(j)
j [0] =

λj , λ
(l)
j [0] = 0, ∀l 6= j and λ

(l)
j [−1] = 0, ∀l. Then, at each

k ≥ 0, node j updates y
(i)
j [k], ∀i = 1, 2, · · · , 2n, and zj [k]

by performing the following operations:

Compute: u
(i)
j [k] =

{

0, λ
(i)
j [k] = λ

(i)
j [k − 1],

1, λ
(i)
j [k] 6= λ

(i)
j [k − 1],

∀i,

y
(i)
j [k + 1] =

∑

l∈N−
j

1

D+
l

y
(i)
l [k] + u

(i)
j [k]gj(λ

(i)
j ), ∀i,

zj [k + 1] =
∑

l∈N−
j

1

D+
l

zl[k],

λ
(i)
j [k + 1] =max{λ

(i)
j [k], max

l∈N−
j

{λ
(i)
l [k]}}, ∀i,



Broadcast:
1

D+
j

y
(i)
j [k + 1], ∀i,

1

D+
j

zj[k + 1],

λ
(i)
j [k + 1] only if u

(i)
j [k] = 1, ∀i. (16)

We next provide some additional insights on the operation

of the algorithm. From (16), it is clear that at instant k0,

λ
(i)
j = 0 if at every k ≤ k0, none of the in-neighbors of j

has passed the value λi to node j. [Each λi can be uniquely

identified, so even if λr = λs, for some r 6= s, node j can

distinguish them and thus properly update the corresponding

λ
(r)
j or λ

(s)
j , respectively.] The first time (namely at k = ki)

that node j receives λi from one of its in-neighbors, then

node j sets λ
(i)
j [ki] = λi, computes gj(λ

(i)
j [k]) = gj(λi)

and adds it to y
(i)
j [ki]; even if node i receives λi again

at a later step k ≥ ki, it will ignore it. From the above

description, it is clear that after a finite number of steps km,
∑n

l=1 y
(i)
l [km] =

∑n
l=1 gl(λi); furthermore,

∑n
l=1 y

(i)
l [k] =

∑n

l=1 gl(λi), ∀k ≥ km. Then, it follows that for each node

j, we have

lim
k→∞

y
(i)
j [k]

zj [k]
=

∑n
l=1 gl(λi)

X
, ∀i. (17)

The step left now is for each node to obtain λ+ and

λ−; there are two options, either node j performs this

calculation after a large enough kl, which ensures that all

the y
(i)
j [kl]/z[kl] have, effectively, reached a steady state, or,

at every k, in parallel with the execution of (16), each node

j executes the following tasks:

Compute: ε
(i)
j [k] =

y
(i)
j [k]

z
(i)
j [k]

− 1, ∀i = 1, 2, · · · , 2n,

i+k =arg min
{i: ε

(i)
j

[k]≥0}

|ε
(i)
j [k]|,

i−k =arg min
{i: ε

(i)
j

[k]<0}

|ε
(i)
j [k]|,

λ∗
j [k] =λ

(i+
k
)

j [k]− ε
(i+

k
)

j [k]
λ
(i+

k
)

j [k]− λ
(i−

k
)

j [k]

ε
(i+

k
)

j [k]− ε
(i−

k
)

j [k]
,

x∗
j [k] =gj(λ

∗
j [k]). (18)

From (17) and (18), it is clear that limk→∞ ε
(i)
j [k] =

limk→∞

(y
(i)
j

[k]

z
(i)
j

[k]
−1

)

=
∑n

l=1 gl(λi)

X
−1, from where it follows

that limk→∞ λ
(i+

k
)

j [k] = λ+ and limk→∞ λ
(i−

k
)

j [k] = λ−.

Then

lim
k→∞

λ∗
j [k] = λ

(i+
k
)

j [k]− ε
(i+

k
)

j

λ
(i+

k
)

j [k]− λ
(i−

k
)

j [k]

ε
(i+

k
)

j − ε
(i−

k
)

j

= λ+ −

[

g(λ+)

X
− 1

]

λ+ − λ−

g(λ+)
X

− g(λ−)
X

= λ∗,

(19)

from where it follows that limk→∞ x∗
j [k] = xj(λ

∗).
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Fig. 1. Graph of 4-node network with leader node.

IV. EXPERIMENTAL RESULTS

In this section, we discuss an implementation of the

algorithms presented in Sections III-A and III-B using a

hardware testbed consisting of low-complexity devices capa-

ble of performing simple computations and communicating

wirelessly with other nearby devices. A brief overview of the

hardware and software is provided while results are given for

two different network configurations.

A. Description of Testbed

Each node in the testbed is centered around an Arduino

Mega 2560 microcontroller board. A MaxStream XB24-

DMCIT-250 revB XBee module is connected to each Ar-

duino via a SparkFun Electronics XBee shield. The XBee

modules provide a wireless link through which the Arduinos

exchange packetized information.

A three layered protocol stack is created to facilitate the

exchange of information between nodes. The lowest layer

of the stack is based upon the ZigBee (IEEE 802.15.4)

protocol and is implemented entirely on the XBee modules.

The middle layer is a modified version of the XBee-Arduino

API and is implemented on the Arduino. The top layer is also

implemented on the Arduino and is designed specifically for

exchanging information for the distributed algorithms.

In order to ensure convergence of the algorithms when

implemented on the testbed, it is imperative that each node

begin and end the iterative process at roughly the same time.

Thus, upon startup the local clocks of the nodes are synchro-

nized to a common reference, e.g., the clock of the leader

node, using the hierarchy referencing time synchronization

(HRTS) protocol as proposed in [13]. Furthermore, to ensure

that the computation is completed in finite time, the number

of iterations performed by the nodes and the period of each

iteration is specified a priori. During the allotted iteration

period, each node broadcasts its state values to the nodes in

its out-neighborhood, receives state values from the nodes in

its in-neighborhood, and updates its state values according

to (9) and (10).

As in all wireless communication, the links between

nodes in the testbed are susceptible to interference that

can negatively affect communication channel availability.

Furthermore, although the XBee protocol seeks to minimize

packet collisions, it is possible for nodes to attempt to

broadcast their values concurrently, particularly when using

a small iteration period. Thus, to ensure convergence despite



1 5 10 15 20 25

0

1

2

3

k

γ
[k
]

γ1[k] γ2[k]

γ3[k] γ4[k]

Fig. 2. Evolution of feasible constrained fair-splitting dispatch algorithm.
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Fig. 3. Graph of 6-node network with leader node.

packet loss, we implement a robustified version of the ratio

consenus algorithm proposed in [14].

B. Constrained Fair-Splitting Dispatch Problem

The hardware testbed is used to implement the 4-node

network depicted by the graph in Fig. 1. In order to illustrate

the ability of individual nodes to determine feasibility, we

show results for a case in which the resource demand is

within the collective limits of the nodes.

Let the total demand be X = 1, and let the minimum and

maximum capacities of the nodes be given respectively by

x =
[

0.15, 0, 0.15, 0.1
]T

and x =
[

0.3, 0.15, 0.4, 0.25
]T

,

such that
∑4

j=1 xj = 0.4 ≤ X ≤
∑4

j=1 xj = 1.1.

As shown in Fig. 1, the leader node, indexed by 0, can

communicate with nodes 1 and 2. Thus, the vectors of initial

states are given as y[0] =
[

0.35, 0.5,−0.15,−0.1
]T

, and

z[0] =
[

0.15, 0.15, 0.25, 0.15
]T

.

The evolution of γj [k] for j = 1, 2, 3, 4 over 25 iterations

is shown in Fig. 2. From the figure, we see that after

approximately 15 iterations, all nodes have converged to a

solution in which γ = 0.857. Thus, the nodes determine the

solution is feasible and adjust their output according to (12),

and we have that x =
[

0.279, 0.129, 0.364, 0.228
]T

.

C. Unconstrained Optimal Dispatch Problem

Consider the 6-node network described by the graph

in Fig. 3. Let X = 1 and let the vectors of cost

coefficients be α =
[

0.02, 0.1, 0.05, 0.08, 0.12, 0
]T

and

β =
[

0.126, 0.108, 0.143, 0.087, 0.109, 0.159
]T

. As shown

in Fig. 3, the leader, indexed by 0, can only communicate

with node 1. Thus the vectors of initial states are given as

y[0] =
[

0.98,−0.1,−0.05,−0.08,−0.12, 0
]T

and z[0] = β.

Figure 4 shows the evolution of the output of each

node, xj [k] = αj +
yj[k]
zj[k]

βj , over 80 iterations. From the

figure, it can be seen that convergence is reached after

approximately 60 iterations, enabling the nodes to determine

the optimal solution to the dispatch problem. Each node

computes its output according to (13) and we have that

x∗ =
[

0.128, 0.193, 0.173, 0.155, 0.214, 0.137
]T

.
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Fig. 4. Evolution of xj [k], j = 1, 2, 3, 4, 5, 6, for the 6-node network.

V. CONCLUDING REMARKS AND FUTURE WORK

In this paper, we addressed the problem of optimally dis-

patching a set of DERs in a distributed fashion, and showed

how the ratio consenus algorithm, which is a linear-iterative

algorithm that enables components in a multi-component

system to achieve consensus on a certain quantity—namely

the ratio of sums of particular values that the nodes possess—

is a powerful primitive to solve the problem.

We believe that the algorithms proposed can easily handle

scenarios that involve changes in the system during the

algorithm execution due to DERs becoming available or

unavailable, although we leave the analysis of such scenarios

for future work. Future work will also look at extending the

algorithms to handle more general convex cost functions; this

will likely require a nonlinear interpolation scheme.
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