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Abstract—In electric power systems, a key challenge is to
quickly and accurately estimate how close the system is to
its stability limits. This paper investigates using synchrophasor
measurements at two buses connected by a transmission line to
calculate parameters for a pair of Thevenin equivalent sources,
which when connected by the transmission line model provide
an equivalent power system representation. As seen from the
transmission line, the angle difference between the two Thevenin
equivalent sources is termed the “angle across the system” for
that transmission line. In the case of a lossless transmission
line with voltage support on both ends, the “angle across the
system” (as seen from the line) is the difference between the
transmission line bus voltage phase angles; to ensure steady-state
stability under these conditions, it is well known that this angle
difference must be less than 90 degrees. This paper extends these
ideas and proposes the notion of the “angle across the system”
described above as a gauge for assessing the system’s proximity
to its stability limit.

I. INTRODUCTION

Electric power systems have well documented transmission
line power transfer capacity limits. A continuing challenge
is real-time operator awareness of the power system’s state
versus known operating limits. Today, the power system’s state
is estimated several times per hour, which guides power system
operators to continually balance power and generation to main-
tain very reliable, stable system operation. Meeting these high
expectations requires conservative power system operation to
protect against uncertainties and unexpected system condi-
tions, which might lead to power system loadability violations.
The Smart Grid initiative is bringing a synchrophasor data
network on-line that will provide near real-time, precisely
synchronized bus voltage, current, and power measurements
that provide an opportunity to advance from operating the
power system with estimates to measurements.

This paper investigates using synchrophasor measurements
from two buses to compute model parameters for a pair of
Thevenin sources, which with the connecting transmission
line parameters enable a two-bus equivalent power system
representation. The difference between the resulting Thevenin
equivalent source angles is proposed as an indicator of how
close the system is to its stability limits. The largest Thevenin
equivalent source angle difference among the connected bus
pairs in the system becomes a measure indicating the risk of
losing system stability. This offers the possibility of a simple,
near-real time system stability assessment measure without
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Fig. 1: St. Clair and AEP Curves [1], [2].

the requirement for system-wide state measurements, complex
system models, and powerful computer systems to compute
existing risk measures.

II. PRELIMINARIES

There are many factors that restrict power system oper-
ations. Among them are the thermal, voltage, and stability
transmission line limitations. Short lines are thermally limited;
medium length lines are voltage drop limited; and long lines
are stability limited. Harry P. St. Clair provided empirical line
loadability limits in what have become known in the power
industry as the St. Clair Curves [1]. These loadability limit
notions are rooted in well understood phenomena. Thermal and
voltage constraints are set by line currents and bus voltages
respectively – both easily measured. The stability constraint
related to phase angle differences is more difficult to measure;
the constraint is simply illustrated in the relationship for real
power flow from bus 1 to bus 2 on a lossless line with voltage
support on both ends, which is given by

P12 =
V1V2
X12

sin (δ1 − δ2) , (1)

where, X12 is the line series reactance and V1∠δ1 and V2∠δ2
are the respective bus voltage magnitudes and phase angles.
Maximum power flow is reached when the voltage phase



angle difference, δ1 − δ2, between the buses reaches 90
degrees; beyond this angle difference, it is well known that
the system is no longer steady-state stable. The authors in [2]
validated and extended St Clair line loadability limits to extra-
high voltage lines using numerical techniques – providing
the St. Clair curves shown in Fig. 1. This paper uses a π
equivalent transmission line with Thevenin equivalent models
on the sending and receiving ends; it also used 45 degrees
as the stability margin limit. A similar approach for detecting
loadability constraints is proposed in [3]. The authors in [4]
and [5] propose using local current and voltage measurements
to compute Thevenin equivalent circuits.

The St. Clair curves and the application of Thevenin equiv-
alent models form the basis for the ideas advanced in this
paper. Consequently, we envision that our Thevenin equivalent
application will retain the notions of thermal, voltage-drop,
and stability constraints. Whereas Thevenin equivalents have
previously been used to determine line loadability limits,
this paper proposes using equivalents to gauge closeness to
loadability limits. Our goal is to compute a real-time “angle
across the system” (AnglxSys) for each line using Thevenin
equivalents. These equivalents are obtained from synchropha-
sor measurements. Our conjecture is that when the power
system is nearing its loadability limit, the AnglxSys for at
least one line will be approaching 90 degrees. In this paper,
the analysis and results focus on the methods and feasibility
of computing the AnglxSys for a given line using actual
synchrophasor data.

III. ESTIMATING THEVENIN EQUIVALENTS FROM
SYNCHROPHASOR DATA

Per our conjecture, the AnglxSys as seen from two buses
connected to opposing ends of a transmission line is a pre-
eminent indicator of the system’s proximity to its steady-state
stability limit – the most difficult to determine of the three
stability indicators listed above. Our objective is to develop
a Thevenin equivalent circuit representation composed of an
equivalent voltage source (voltage magnitude and angle) and
impedance, which characterizes the power system’s behavior
as seen from the end of a particular transmission line. The
boxed portion of the circuit in Fig. 2 represents such a
Thevenin equivalent of the power system looking into bus 1.
The transmission line connecting buses 1 and 2 is modeled
by the known line impedance, Rl + jXl. A second Thevenin

R  + jXl lR  X1 1+ j R  X2 2+ j
I Ð g

V Ðq1 1
V Ðq2 2

E d2 2ÐE d1 1Ð
+ +

- -

Thevenin Source 1 Thevenin Source 2

Fig. 2: Thevenin Equivalent Circuit Model.

equivalent representing the power system behind the terminals
at bus 2 completes the proposed circuit. In this model, we have
neglected the shunt elements.

The challenge is to develop a reliable, accurate method for
determining Thevenin equivalent circuit parameters from field
measurements. In particular, we propose using synchrophasor
data measured by phasor measurement units (PMUs) at two
connected bus terminals of interest to compute two Thevenin
equivalent circuits. The proposed Thevenin equivalent stability
indicator (the difference between the Thevenin source angles)
could be easily computed from PMU measurements. This
would allow power system operators to continuously monitor
the AnglxSys and use it to gauge closeness to unstable
conditions.

The common method for finding a Thevenin equivalent
circuit is to measure the open circuit voltage, Voc, and to
measure the short circuit current, Isc, across the terminal
pair. These voltage and current values determine the axis
crossings; the slope of the line connecting the two axis
crossings is the Thevenin equivalent impedance; Fig. 3 shows a
Thevenin equivalent circuit characteristic for a purely resistive
circuit. A Thevenin equivalent circuit with the inductive and
capacitive elements needed to model an AC electric power
system would add two more dimensions to span the solution
space. Unfortunately in practice, it is impossible to obtain Voc
and Isc while the line is in operation. Assuming the power
system I − V relationship is nearly linear in the anticipated
operating range, a Thevenin equivalent (green line) could
be determined by measurements. Determining the equivalent
circuit is complicated by noise in PMU voltage and current
measurements; which conceptually will result in a range of
Thevenin equivalent parameter extremes as indicated by the
dashed orange lines crossing the respective axes. This prompts
the caveat that poorly conditioned data may result in large
equivalent parameter value swings between data sets collected
under nearly identical operating conditions.

Consider the Thevenin source 1 circuit in Fig. 2; in order
to simplify the notation in subsequent developments, the sub-
index 1 is dropped from all the variables. The relation between
the variables is described by the complex equation

E∠δ = I∠γ · (R+ jX) + V ∠θ. (2)

V

Voc

I

Isc

R = slope

Fig. 3: Thevenin Equivalent I-V Characteristic (resistance
only).



Time (s) V1 (KV) 
 P1‐>2   MW    

at Bus 2

Q1‐>2 MVAR    

at Bus 2
V2 (KV) 



0.00 759.26 62.286 2409.4 ‐542.98 762.76 60.724

0.10 759.27 62.405 2409.4 ‐542.98 762.77 60.841

0.20 759.27 62.524 2409.4 ‐542.98 762.76 60.963

0.30 759.33 62.642 2409.4 ‐542.98 762.77 61.079

0.40 759.31 62.758 2409.4 ‐542.98 762.76 61.193

0.50 759.26 62.876 2409.4 ‐542.98 762.73 61.312

0.60 759.23 62.989 2409.4 ‐542.98 762.68 61.427

0.70 759.18 63.107 2409.4 ‐542.98 762.64 61.543

0.80 759.18 63.223 2409.4 ‐542.98 762.66 61.66

0.90 759.21 63.343 2409.4 ‐542.98 762.65 61.779

1.00 759.19 63.456 2409.4 ‐542.98 762.65 61.892

1.10 759.2 63.572 2409.4 ‐542.98 762.65 62.011

1.20 759.19 63.685 2409.4 ‐542.98 762.63 62.121

1.30 759.16 63.803 2409.4 ‐542.98 762.63 62.24

1.40 759.15 63.916 2409.4 ‐542.98 762.61 62.356

1.50 759.13 64.035 2409.4 ‐542.98 762.63 62.47

1.60 759.16 64.151 2409.4 ‐542.98 762.61 62.585

1.70 759.16 64.264 2409.4 ‐542.98 762.64 62.699

1.80 759.19 64.38 2409.4 ‐542.98 762.63 62.814

1.90 759.18 64.498 2409.4 ‐542.98 762.62 62.93

2.00 759.16 64.726 2409.4 ‐542.98 762.65 63.159

TABLE I: Sample Synchrophasor Data.

By writing the complex variables in Cartesian form, i.e.
E∠δ = Er + jEi, I∠γ = Ir + jIi, and V ∠θ = Vr + jVi,
we obtain an equivalent pair of equations:

Er = RIr −X Ii + Vr (3)
Ei = X Ir −RIi + Vi. (4)

Note that in (2) and its equivalent pair (3) and (4), there are 4
unknown variables: real and imaginary Thevenin source terms,
Er and Ei and unknown constitutive impedance, consisting of
resistance R and reactance X . There are multiple approaches
to solving the Thevenin equivalent problem: i) to use a set of
2 sequential PMU measurements to enable an exact solution,
ii) to use 3 or more sequential measurements to find a least
squares error (LSE), and iii) to reduce the number of unknowns
by fixing one or more of the four unknown values.

The exact solution requires 2 consecutive measurement sets,
which results in 4 equations and 4 unknowns. This equation
set can be in matrix form as


1 0 −Ir(1) Ii(1)
0 1 −Ii(1) −Ir(1)
1 0 −Ir(2) Ii(2)
0 1 −Ii(2) −Ir(2)



Er

Ei

R
X

 =


Vr(1)
Vi(1)
Vr(2)
Vi(2)

 , (5)

with the first and second data measurement sets indicated
in parentheses. From a purely mathematical standpoint, this
would appear to solve the problem provided that the left-
hand matrix is invertible – which depends upon measured data
characteristics.
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(a) Numerical Thevenin source magnitudes.
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(b) Numerical Thevenin source phase angles.
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(c) Numerical Results – Source 1 Thevenin resistance and reactance.

Fig. 4: Exact Thevenin Source Solutions

A. Numerical Results

Table I shows a typical synchrophasor data set for a 765KV
transmission line that includes line-to-line voltage magnitude
and phase angle. Power is flowing from bus 1 to bus 2. As is
typical of a power system, the measured frequency varies just
under 0.02 Hz from the nominal 60 Hz system frequency,



A−1 =


1 + −b (a−c)+a[(b−d)−(a−c) f ]

(a−c)2
b

(b−d) f −
a

(a−c) f
b (a−c)+a[(d−b)+(a−c) f ]

(a−c)2f − b
(b−d) f + a

(a−c) f
a (a−c)+b[(b−d)−(a−c) f ]

(a−c)2f 1− a
(b−d) f −

b
(a−c) f

−a (a−c)+b[(a−c) f−(b−d)]
(a−c)2f

a
(b−d) f + b

(a−c) f
(b−d)−(a−c) f

(a−c)2f
−1

(a−c) f
(a−c) f−(b−d)

(a−c)2f
1

(a−c) f
1

(a−c) f
−1

(b−d) f
−1

(a−c) f
1

(b−d) f

 ,

where f = (a−c)2+(b−d)2
(a−c)(b−d)

(6.1)

which accounts for the voltage angles’ slow rotation. The
real and reactive power flows allow calculation of current
magnitude and angle. For calculations, the sample data was
normalized and converted to per phase, per unit data for
calculations. Typically, the data values over short time periods
showed only small changes. For example, the per unit voltage
measurement mean over 2400 measurements (10 measure-
ments per second) was 1.0003 with variance 7.062 · 10−8
Vpu. The per unit currents measurement calculated from the
data showed similar stability with mean .9587 and variance
1.251 · 10−5Apu.

We applied the exact solution approach to the data outlined
above. The calculated Thevenin source magnitudes, phase
angles, and impedances are shown respectively in Figs. 4a, 4b,
and 4c. The computed Thevenin source parameter values were
striking in their wildly erratic swings; swings that run counter
to intuition and call into question their value for modeling
system behavior. For instance, the Thevenin source magnitudes
are expected to be close to 1.0 per unit and certainly to not
swing across a range exceeding 1.0 Vpu. Similarly, the phase
angle relationships are not consistent with power flow from
source 1 to source 2, i.e. that the voltage phase angles be
characterized by δ1 > θ1 > θ2 > δ2. Finally, the impedance
values not only rapidly swing, but also improbably take on
negative values, which is difficult to accept or justify. As
outlined in the next section, we found that the erratic Thevenin
parameter behavior was attributable to sample synchrophasor
data characteristics.

B. Matrix Condition Numbers

1) 2 measurement pairs: Consider the matrix on the left-
hand side of (5) :

A =


1 0 −Ir(1) Ii(1)
0 1 −Ii(1) −Ir(1)
1 0 −Ir(2) Ii(2)
0 1 −Ii(2) −Ir(2)



=


1 0 −a b
0 1 −b −a
1 0 −c d
0 1 −d −c

 , (6)

with the inverse of A as given in (6.1). The condition number
of A is an important measure of the sensitivity of the solution

x = [Er Ei R X ]
T (7)

to small perturbations in the measurement vector

b =
[
Vr(1) Vr(1) Vr(2) Vi(2)

]T
(8)

The condition number is defined for the norm p as

K(A) = ‖A‖p
∥∥A−1∥∥

p
. (9)

The L1 (p = 1, maximum absolute column sum) and L∞
(p = ∞, maximum absolute row sum) norms are easily
computed to provide accurate condition number order of
magnitude estimates. A desirable matrix condition number
is close to one; in which case, small measurement errors
have negligible impact upon the solution. In contrast, a very
large matrix condition number amplifies small measurement
errors to substantially affect the computed solution. Using the
synchrophasor data in Table I, the L1 and L∞ norms of A−1

are easily estimated. The differences between sequential real
and imaginary current measurements are both very small, such
that (

Ii(1) − Ii(2)
)
= (b− d) ∼ 10−3 (10)

(
Ii(1) − Ii(2)

)
= (b− d) ∼ 10−3 (11)

f =
(a− c)2 + (b− d)2

(a− c)(b− d)
∼ (10−3)2 + (10−3)2

(10−3)(10−3)
∼ 1 , (12)

which results in ‖A‖1 ∼ ‖A‖∞ ∼ 1 and
∥∥A−1∥∥

1
∼∥∥A−1∥∥∞ ∼ 103. The resulting condition numbers are much

greater than the ideal condition number that is close to 1, in
particular:

K(A) = ‖A‖p
∥∥A−1∥∥

p
∼ 103 . (13)

The consequence of the condition number being on the order
of 103 is that small perturbations in b may disproportionally
change the calculated solution – casting doubt on the accuracy
of computed results. We found that the sample data matrices
had condition numbers on the order of 105 – as shown in Fig.
5. The impact of these extremely large condition numbers is
evident in the dramatic Thevenin parameter swings in Figs 4a,
4b, and 4c.

2) More than 2 measurement pairs: We also considered
using an LSE solution to reduce the Thevenin parameter
swings. The LSE solution incorporates additional data pairs
– generating a rectangular m xn matrix with m > n. The
condition number can be computed using the ratio of the
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Thevenin parameter sets.
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Fig. 7: Over determined Thevenin source phase angles.
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Fig. 8: Simplified Thevenin equivalent model.

largest to smallest of the ordered singular values, σi, obtained
from the singular value decomposition of the matrix A. The
condition number is

K(A) =
σ1
σn
, σ1 > . . . > σi > . . . > σn. (14)

Unlike the fully determined system in (6), a straight forward
estimate of the overdetermined system’s condition number is
very difficult to derive. To determine whether the LSE solution
improved the problem’s conditioning, we used MATLAB to
compute condition numbers for over determined matrices
constructed from 10, 20, and 50 sample data set pairs. The
results in Fig. 6 clearly show that the condition number does
not appreciably improve even using 50 data set pairs. Further,
Fig. 7 shows that while the Thevenin source phases do not
swing erratically, they also do not satisfy the fundamental
condition δ1 > θ1 > θ2 > δ2 that is characteristic of power
flowing from source 1 to source 2.

C. Simplified Thevenin Equivalent Model

Figure 8 shows an alternative Thevenin equivalent model. In
this model, we fix the source magnitudes |E1| = |E2| to 1 p.u.

and specify that the Thevenin equivalent impedances be purely
reactive, i.e. R1 = R2 = 0. Note that this circuit model
carries forward the assumption that current flows through shunt
capacitances are negligible; consequently, the two Thevenin
source terminals share the same current. The Thevenin source
1 reactance, X1, is determined by

1∠δ1 = I∠γ · (jX1) + V1∠θ1. (15)

Decomposing (15) into its real and imaginary equations, the
δ1 term can be eliminated using the trigonometric identity

sin δ1 =
√
1− cos2 δ1, (16)

which results in the quadratic equation

I2X2
1 − 2V1I sin (γ)X1 − (V 2

1 − (1)2) = 0, (17)

with two possible solutions

X1 =
1

I

[
V1 sin (γ − θ1)±

√
(1)2 − V 2

1 cos2(γ − θ1)
]
.

(18)



Similarly, we determine Thevenin source 2 reactance, X2,

V2∠θ2 = I∠γ · (jX1) + 1∠δ2 , (19)

which yields two possible X2 solutions of very similar form

X2 =
1

I

[
−V2 sin (γ − θ2)±

√
(1)2 − V 2

2 cos2(γ − θ2)
]
.

(20)
The Thevenin source angles are determined by writing the
system power balance equation

1∠δ1 (I∠γ)
∗
= j(X1 +Xl +X2) I

2 + 1∠δ2 · (I∠γ)∗ .
(21)

The real power equation reduces to cos (δ1−γ) = cos (δ2−γ),
which is satisfied if δ1 = δ2 (a trivial solution with no power
flow); alternatively since cos(α) = cos(−α),

δ2 = 2γ − δ1 ≡ γ =
δ1 + δ2

2
(22)

is also a solution. Using these relationships, we obtain

δ1 = γ + sin−1
(
(X1 +Xl +X2) I

2

)
(23)

δ2 = γ − sin−1
(
(X1 +Xl +X2) I

2

)
(24)

To compensate for the slow rotation of the phasor measure-
ments due to the slight difference between the actual system
frequency and the ideal 60 Hz frequency, the voltage angle at
bus 1 is set to 0 (i.e. θ

′

1 = 0 = θ1 − θ1) and all other angles
are adjusted by subtracting θ1.

The effectiveness of these relationships was tested using
the data set from which Table I is extracted. The resulting
Thevenin source angle values and computed reactances are
shown in Table II. Note that the X1 and X2 solutions are each
composed of a pair of positive and negative reactance values;
also, the four possible solutions show interesting symmetries.
We confirmed that these solutions provided near-zero KVL
residuals around each source loop and around the system loop;
however, only the two positive reactance solutions resulted
in the expected power flows based upon the relative phase
angle relationships of the source and terminal voltages, i.e.
δ1 > θ1 > θ2 > δ2. In the other three X1 and X2 solution
combinations, the phase angle order is violated. The phase
angle relations for the positive X1and X2 solutions are shown
in Fig. 9.

This model was consistent with expected system behavior
in every respect. The solution satisfied three KVL loop equa-
tions with small residuals – one through each source and its
corresponding terminals and a loop around the total system.
Additionally, the real and reactive powers computed at each
source and terminal were consistent with expected real and
reactive power flows. Further, the Thevenin equivalent solution
showed results that varied no more quickly than the phasor
measurements. Consequently, this model and Thevenin equiv-
alent computational approach warrant further investigation for
applications assessing power system stability.

δo1 X1 Xl X2 Xtotal δo2

-2.179 -.0043 .0034 -.0546 -.0555 24.37

10.95 .0506 .0034 -.0546 -.0006 11.25

11.22 -.0043 .0034 .0016 .0007 10.96

24.35 .0506 .0034 .0016 .0556 -2.161

TABLE II: Computed Thevenin Source Parameters*,
γ = 11.1o.
*Thevenin source values at t = 1s averaging 10 PMU measurements. Angles
and reactance are in degrees and ohms per unit respectively.

I  g = 8.56  Ð Ð o 11.1

oV q .9925 1 1  Ð = Ð0
o

V q .9971 1.52 2  Ð = Ð-

2 2 1 2.16δ oE Ð = Ð-

1 1 1 24.37δ oE Ð = Ð

(a) Thevenin source values at t = 1 s averaging 10 synchrophasor
measurements.
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(b) Voltage phase angles using sets of 10 averaged synchrophasor
measurements

Fig. 9: Thevenin source phase angle results using the positive
X1 and X2 solutions, γ = 11.1o.

IV. CONCLUSION

The determination of Thevenin Equivalent networks using
Synchrophasor data is important for reducing the size of the
interconnected network to the simplest possible level. These
equivalents are useful for evaluating the health of the power
system in real time. They provide a mechanism for assessing
the closeness of the system to reliability limits without relying
on a detailed mathematical model of the network and grid
topology. This paper provided a discussion of the challenges
associated with creating these Thevenin system equivalents –
and identified a simplified Thevenin equivalent model that
shows promise. Future work will investigate the utility of
the proposed “angle across the line” measure of closeness to
steady-state stability loadability limits.
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