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Abstract—We discuss the concept of input-to-state stability in therefore we use tools developed in the context of ISS can be
dynamical systems and its application to address the reachdity  ysed to obtain bounds on the reach set.
problem in power systems, i.e., what are the bounds on all pes The reachability problem in power systems subject to un-

sible system trajectories given certain parameters are unkown s .
but bounded. We illustrate the application of the concept wih a certainties has been addressed before in the context ofrpowe

single-machine infinite-bus system where the infinite bus Wage flow analysis, where the system model is a nonlinear algebrai
is not perfectly known except for an upper and lower bound.  equation (e.g., see [8], [9], [10] and the references thgrei

Reachability analysis tools have also been used in power

systems transient stability analysis for computing the aiom
The concept of input-to-state stability (ISS) was introellic of attraction on an equilibrium point [11].

by Sontag in [1] and has been extensively studied and appliedrhe paper is structured as follows. In section Il, the cohcep

in systems and control theory over the last two decades (sekijnput-to-state stability (ISS) is formally introducedidha

e.g., [2] and the references therein). It provides a metbodtheorem providing a Lyapunov-like characterization of IISS

determine whether or not the statef a dynamical system of presented. In section IIl, we apply the ISS concept to a singl

the formz = f(z, u) will remain bounded over time given themachine infinite-bus (SMIB) system. Section IV gives some

system input: is bounded. In a linear systein= Az + Bu, concluding remarks.

asymptotic stability, i.e., fow = 0, all the eigenvalues ofl

I. INTRODUCTION

have negative real parts, ensures ISS; however this might no _ I "\{PUT'TO'STAT_E STABILITY
be the case in a non-linear system, i.e., asymptotic stabili Consider a nonlinear dynamical system of the form
of the system with zero input = f(z,0) does not guarantee &= f(w,u) 1)

ISS of the non-zero input systein= f(z, ). The problem of

asymptotic stability of power systems has been widely saidiwherez € R™ andu € R™. Suppose thaif(-,-) is locally
in the context of transient stability analysis, which iscemed Lipschitz inz andu and that the unforced systein= f(x,0)
with the ability of the system to maintain synchronism aftéras an asymptotically stable equilibrium point at the arigi
a severe system disturbance [3], [4], [5], [6]. To the author If the system (1) is forward complete, then the solutidt)
knowledge, the problem of ISS has not been addressed in exésts for allt > 0 and it will be contained in some s&(t),
power system literature before. which is called the reach set or attainability domain.

In power systems analysis, ISS notions are of interest toDefinition 1: The system (1) is said to bimput-to-state
understand the impact on dynamic performance of unceytaistable if there exist some functions € K* and 8 € K£?
caused by any uncontrolled and unpredictable change (soth that for every initial state, € R™, and each input(-),
necessarily a fault) on the demand or on the supply sidbg solutionz(t) of (1) satisfies
e.g., generation based on intermittent renewable ressurce

such as solar or wind. In this regard, we might be interested l2()] < max (5(|zol, 1), v (llullo.0) - @)
in assessing whether or not the frequency of the systefgy all ¢ > 0, where|| - ||jo,, denotes the supremum norm on
or the voltage at certain buses remain within certain limitpe interval[0, ¢]. [

given that the system is subject to uncontrolled disturbanc  The functions in (2) accounts for the the decaying influence
This problem can be addressed by computing the reach ggthe initial conditionzo, whereas the funcion incorporates
or attainability domain, i.e., the set that bounds all guissi the influences of the input. Furthermore, note that ISS
trajectories given that the system initial conditions anpluit

are restricted to some sets [7]. Computing the exact shap® function a: [0, 00) — [0, c0) is of classK if « is continuous, strictly

of the reach set can be a very difficult, or even impossiblBS€asing, and(0) = 0. If ais also unbounded, it is aflassoc.
K ially f linear svstems. However. there is A function 3: [0, 00) X [0, 00) — [0, 00) is of classKL if 8(-,t) is of
task, especially tor nonli Yy - mowever, IScidssk for each fixedt > 0, and 3(r, t) decreases to 0 as— oo for each

close connection between ISS and reachability analysis &meéd r > o.
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implies global asymptotic stability of the origin of the enfed
system (i.e., withu = 0), whereas in general, the converse is
not true, as discussed in Section I. If (2) is only validzif
andw are restricted to some setg € B,, andu € B, then
the system is said to be locally ISS.

In the context of this work, a Lyapunov-like ISS characteri-
zation given by the following theorem, the proof of which can
be found in [12], will be helpful.

Theorem 1:Suppose there exist functions,, as € Ko,

p € K, a continuously differentiable functiolr : R* — R
and a continuous, positive definite functith : R — R such
that for allz € R™

a1(|x|) <V(x) < CY2(|£U|)7 (3) Fig. 1. lllustration of the set§, £ and B.
] > p(lul) = GEf(z,u) < =W (). 4)
Then the system (1) is ISS with Remark 1:A close examination of the proof of Theorem 1

(5) shows that sometimes an even better bound for the reach set

. o __ can be obtained. Namely, If can be ensured to be negative

Assumption (3) implies that the ISS-Lyapunov functibnis  oytside a certain se (not necessarily a ball as in Theorem

positive definite {(0) = 0 andV(z) > 0 for = # 0) and 1), then the set

proper {/(x) — oo as|z| — o), and assumption (4) ensures

that V/, the time derivative ofi’ along trajectories of (1), is E={z:V(z) < Viin}, (8)

negative if the system state at timez(¢), lies outside a ball . ) )

of radiusp(|u(t)|). We provide next a sketch of the proof ofVNere Vi, is the smallest possible value such thatis

this theorem. A complete proof can be found in [12]. m COompletely contained i”, is invariant with respect to (1),
The main idea behind the proof is that ¥ is negative aS Vs nega_tlve on all its boundary, and therefore it is a

outside a ballB, := {x : |z| > u}, then, according to (3)y Petter approximation for the reach sett) (for ¢ > 0) than

is negative everywhere on the level $&tr) = a»(p) and thus €. Furthermore, ifz € &', then the solutionz(¢) will be

the setV (z) < ay(u) is invariant under (1). Therefore, usingcontained in the sef” for all ¢ > 0. However, the shape of

again (3),]z| can be bounded from above hy;* (as (). the level sets of tbe I_SS-Lyapunov_functloda:), _and_ thus

Taking s = p(||ullo.,)), We arrive at the result. If (4) is satisfied@!So the shape af’, might be complicated; thus it might be

not for arbitrarily largez, but only forz € B,, whereB, is Much easier to work witl. An illustration of the sets’, g

some subset oR™ including the origin, which is the case ifand B is given in Fig. 1. u

the unforced system is only locally asymptotically stakien

we have to restrict: to be contained in some s, such that

Y(lulljo,q) € Bz, and thus alsar is contained inB,. The e illustrate the application of ISS to quantify the effect

system is then locally ISS if alsfo| < y(||ullfo,,)- of uncertainty in the infinite-bus voltage of a single-maehi

A. Reachability Bounds infinite-bus system (SMIB). Lef be the angular position of

. . . the rotor in electrical radians, ang be the angular velocity of
The connection between ISS and reachability analysis og g y

. e the rotor in electrical rad/s. Then, the system can be duetri
straightforward and follows from Definition 1 and TheorenB

. o - é/ the following state-space representation:
1. Given the system (1), where the initial conditions and th

7:a1_10a20p.

IIl. SINGLE-MACHINE INFINITE-BUS SYSTEM

input are only known to be contained in some sBtg and d | ¢ _ 0 1 ) 0
B,, respectively; then if the system is (locally) ISS, the feacdt | w; o 0 —Da Wy —absings | U
set is bounded by some s@ft) defined by 0 1
AL PR

Q) = {o:le] < max (B(lzol. £),(lulo.0) }, (©) 0 f(; .
where y(lulljo.q) = i (az(p(lullpy)). Fort > 0, the >0 {00 & [voo = vl < K}, ®)
solutionz(¢) will then be contained in a set, defined by with & > 0, v, > 0, a = £2 andb = XE—;XL whereD, H,

£ = {x ] < a1—1 (s (p (umam)))} ’ @) E,, X, X, ws, andT,, are con.sFan-t Sarameters [61. -
For vse = v, the (stable) equilibrium point of (9) is given

where umar, = maxyep, |[ul|. Furthermore, if zo py
is small enough, i.e.,zy is contained in some set
By, = {z : V(z) < a2(p(tmas))}, then the solution Wy = ws,

. c s S0 y
x(t) will be contained in the sef for all t > 0 5 — sin-l (bT_) c [07 g}
Um



200 ‘ ‘ ‘ ‘ ‘ ‘ where \,,;n, (P) and A, (P) denote the minimal (respec-
tively, maximal) eigenvalue of the matrik.
The derivativeV is given by

vV o= (ea2D2:171 + eaDxo + h(xl)):er
—i—(eale + :vg)( — Daxs — h(z1)
—absin(z1 + 6°)Av)
= —Da(l — €)z% — eaDx1h(x)
—absin(zy + 6%)(eaDxy + 22)Av.  (18)

This shows that the origin of the unforced system, i.e. for
Av = 0, is an asymptotically stable equilibrium point afid

. . . . .
-4 -3 -2 -1 0 1 2 3

X belongs to its region of attraction (in fact, it is the regioh
Fig. 2. |h(z1)| and its linear lower bound. attraction), as/ is negative for allk € D.
From (18), and using (13), we get that for alkc D,
Applying the coordinate changg = § — %, 22 = w, —w} in V < —Da(l —€)z? — eaDz h(x)
order to shift the equilibrium point to the origin and wrigin +ab|sin(z; + 5S)|(eaD|:c1| + |x2|)|Av|

Voo = U, + Av, with |Av| < kv, according to (9), results in 9 9
the following system: < —(1=0)Da(l = e)zy — (1 = O)ehappaDay

—0Da(1 — €)x3 — OehgppaDxt +

o= b(eaDlz1| + |za])|Av]  0<O <1
a a X X v
9 = —Daxs+ aTy, — abu,, sin(zy + 6°) ¢ ! 2 5
. < —(1-6)Da(l —e€)z;
—absin(zy + 0%)Av 9
. —(1 = 0)ehgppaDa7, (19)
=: —Daxg — h(z1) — absin(z; + §°)Av  (10)
where i
kyab|Av|
h(z1) = abup, sin(zy + §°) — aTp,. (11) lz1] > g Tumin O
app
Note thatzih(z1) > 0forall z € D = {z: —1 —26° < kob|Av|
x <m—26°} and o] > DO — o) Tamin (20)
hmag = max |h(z1)| = ’h (_E — 55) = a(Ty, + buy,). (12) for large enough constanks andk,, which have to be chosen
=eP o 2 such that the terms in the fourth and fifth line of (19) are less
Furthermore, forr € D = {z : |z1| < § - §°}, than or equal to zero. Namely,|if2| > 22 1in, then the terms
h(Z — 6°) a(bv _T ) in the fourth and fifth line of (19) are less than or equal to
2 _ m m
@)l 2 = el = =l (K3 — ka)ab?| Av]?

—0OchappaDxi + a*beD|x; || Av| — )
=t happ|z1]. (13) pp ' DO(1 —¢)

A sketch of|h(z,)| is given in Fig. 2. Consider the following and if we choosé:, large enough, this will be less or equal
function V(z) as an 1SS-Lyapunov function for the systentO Z€ro for allz;. In a similar way, we can determine a value

(10): for k1 such that if|z1| > 21 mn, then the terms in the fourth
1 . and fifth line of (19) are smaller or equal to zero for ajl.
Vix) = 5a:’P:z: +/ h(y)dy (14) Thus (19) holds if (20) is satisfied.
h 0 Next, note that (20) is implied by requiring that
wit
22 >z a2 . 21
pP— |: Eiag 60/1D :| ’ 0<e<l. |ZC| = xl,mzn xQ,mzn ( )
) ThereforeV () satisfies condition (4) of Theorem 1 with
According to (12), for allz € D,
1 1 kiab \? kb \?
< — 4 < — / = . 22
V(@) < 5P+ hler| € 22 Pat hslal  (15) () \/(eh) + (o 22

and thusV'(z) satisfies condition (3) of Theorem 1 with Now suppose that the performance requirements are such that

1 first, we want to stay in the regiom € D for which we
= ZAin(P)r? 16 o .
ar(r) () (16) established ISS; i.e., we want to have

2
1
az(r) = (iAmaw(P) + hmaw) r?, (17) lz1] < g — 0% (23)



Second, we require that the electrical frequency deviatare With the above given parameter values, it turns out that if
smaller than 1 Hz, which is equivalent to requiring that the < 0.03, we getV,,;,, = 18.7, which means that the set
deviations in the machine speed have to be less 2harad/s, &' = {z: V(z) < 18.7} is an approximation for the reach set
ie., of the system (10). Furthermore, we obtaiR ., 1 = 109.65
and V... 2 = 19.7; this means that the constraint on the
o] < 2. (24) deviations in the electrical frequency (24) is much tightem
If we work out a numerical example with typical parametehe constraint orx; (23) in order to remain in the ISS region.
values, it turns out that the estimate for the reach set W& V,,in, < Vinaz.2 < Vinag,1, both performance requirements
get from (7) is too conservative. Namely, only for very smatire met. In fact, it turns out that & < 0.0308, i.e., if the
deviations in the input voltage, we can satisfy the perfaroea deviations in the input voltagé are smaller thaB.08%, then
requirements. For example, if we assume that= 1 pu, both performance requirements can be met—a significantly
X,»=0.2 pu, X;=0.066 pu,H=4 pu, D=0.04 s/rad,l;,=1 pu, larger value than obtained before. If we further increise
ws= 120r rad/s, v,,=1 pu, ande = 0.3, the performance beyondk = 0.0308, thenV,,;, > V2 maz, and thus we cannot
requirements are met only fdr < 0.00035, i.e., deviations ensure that the second performance requirement is met.
in voc Must be smaller than.035% of its nominal value—a
very conservative result. o
However, if we use our knowledge of the shape of the level In a real system, such frequency variations are not_allowed
sets of the functiorV/ (z), we get a better estimate. Note thaPecause the speed governor keeps the frequency tight. The
these level sets have a shape close to an ellipsoid (in feet, $MIB model used is very simplistic and does not include such

first term of (14) is an ellipsoid, and the second term squee£fNtrol, which explains why such large frequency variation
this ellipsoid in thez;-direction). According to Remark 1 in °ccurs even for small deviations in the magnitude of the
section II, we first compute the smallest level Bét:) = V;in infinite bus voltage. We chose such a simple model because

such thatl” is negative everywhere on it, which can be don&'® Purpose of this paper is just to introduce the ISS concept
by ensuring that all four edges of the rectangle defined i the power systems community and show its applications to
(20) lie inside this level set. This means that the level s@tantify the effect of uncertainty in power system dynamics
V(z) = Vyuin is invariant under (10) and thus the sgt= In general, the biggest challenge of the presented approach
{2 :V(2) < Vyuin} (8) is a better approximation for the reactS to find a "good” ISSI—Lyapunov function such that the result_
set after the transient phase than the &ate get from (7). '€ not too cqnservanvg or such that we know the shape of its
After that, we compute the largest level 96(z) = Vyau.1 level sets, as illustrated in the SMIB example. Furtheraede

which completely lies inside the region specified by the fir@€€ds to address the scalability of the method to multi-mach
performance requirement (23). The maximum expansion $¥Stéms with higher-order machine dynamic models.
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