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Abstract This chapter develops a modeling framework for studying the impact of

variability and uncertainty in wind-based electricity generation on power system

frequency. The focus is on time-scales involving governor response (primary fre-

quency control) and automatic generation control (secondary frequency control).

The framework includes models of synchronous generators, wind-based electricity

sources, the electrical network, and the automatic generation control system. The

framework can be used to study the impact of different renewable penetration sce-

narios on system frequency performance metrics. In order to illustrate the frame-

work, a simplified model of the Western Electricity Coordinating Council (WECC)

system is developed.

1 Introduction

Driven by initiatives like the DoE SmartGrid [1], electrical energy systems are un-

dergoing a radical transformation in structure and functionality in a quest to increase

efficiency and reliability. Such transformations are enabled by the introduction of

new technologies such as advanced communication and control; new loads, such

as plug-in hybrid electric vehicles (PHEV); advanced power electronics devices for

power-flow control, such as flexible AC transmission systems (FACTS), and inte-

gration of new renewable-based electricity generation sources, e.g., wind and solar.

Focusing on renewable-based electricity resources, it has long been acknowl-

edged that deep penetration of these resources poses major challenges in power

system operations [2, 3, 4]. For example, the high variability of wind speed not only

makes wind-based electricity generation intermittent but presents major difficulties
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in its forecast [5]. Thus, wind-based electricity generation is an additional source of

uncertainty that impacts power system operation across different time-scales, i.e.,

unit commitment, economic dispatch (optimal power flow), automatic generation

control (AGC), and governor control. The impact of wind uncertainty has received

a great deal of attention in both unit commitment and optimal power flow problems.

The impact of wind variability and uncertainty on AGC and governor response for

frequency control has received less attention (see [6, 7, 8, 9, 10, 11] and the refer-

ences therein); thus, the focus of this work.

The AGC system is responsible for maintaining the system frequency and keep-

ing the power exchanges between areas at their schedules by controlling the power

settings of the units participating in AGC to follow the load profile throughout

the day and account for errors in load forecast. Traditional AGC models available

in the literature abstract out the electrical network structure, only consider syn-

chronous generators, and aggregate system loads by treating them as a disturbance

[12, 13, 14, 15]. Additionally, to the author’s knowledge, there are no AGC system

models available in the open literature that include wind-based electricity genera-

tion. One might be tempted to extend traditional AGC models by treating wind-

based generation as a negative load and subtract it from the actual system load. We

believe that it is necessary to take a step back and rethink how AGC systems are to be

modeled in order to properly account for the unique features of wind-based genera-

tion and its possible impact on system frequency. First, wind variability ramp-down

events are not as abrupt as the sudden loss of a conventional generating unit [7].

However, they are not as smooth as load ramp-down daily cycles, especially in the

presence of weather fronts that result in high winds (entire wind power plants might

shut down in just a few minutes). On the other hand, the time constants associated

with wind-based electricity generation can be faster than the daily load cycle time

constants [7]. In regards to the effect of the electrical network on AGC, we believe

it is necessary to explicitly model it to understand its possible effects on mitigating

wind variability. Given a certain amount of wind-based power present in a system,

it is clear that the impact on system frequency response will be different depending

on where wind-based power is injected in the network. For example, if all the power

is injected in the same geographical area, it might be the case that due to network

constraints, the conventional units in that area participating in AGC must be the

ones compensating for wind-based variability. The network might also have some

smoothing effects as it does affect the response of the overall closed-loop system

dynamic behavior, which is something that traditional AGC models do not capture.

In other words, if we disregard the network, the impact of wind-based variability

is felt by the machines right away, whereas this does not happen in reality, i.e., the

network acts as a filter.

This work builds on our previous work [16], where we were concerned with

studying short-term impact of wind variability on power system dynamics with-

out explicitly accounting for the AGC system. This paper introduces an analyti-

cally tractable model for quantifying the impact of wind variability and uncertainty

in power system frequency response. This model extends traditional AGC models

by explicitly including models for wind-based electricity generation sources, and
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the electrical network. The model is formulated by using a nonlinear differential-

algebraic equation (DAE) formalism. The differential part includes both the con-

ventional synchronous generating units and the wind-based electricity sources, and

the AGC system dynamics. The conventional units are described by a third-order

model that includes the mechanical equations of motion and the governor dynamics.

Since we are only interested in frequency response, it is appropriate to assume that

the voltage regulator and other dynamics within the machine are fast enough com-

pared to the phenomena of interest, justifying the use of this third-orde model. The

wind-based electricity resources are modeled as a piecewise linear first-order dy-

namical system describing the relation between power and wind speed. This piece-

wise linear model naturally captures the nonlinear nature of wind generator power

characteristic. The power settings of synchronous generators participating in AGC

(it is assumed that wind-based units do not participate in AGC) are modeled follow-

ing [14, pp. 352-355]. The algebraic part describes the network electrical behavior

using standard power flow equations, but separates the power injection at a node

into the contributions of conventional synchronous generating units and wind-based

electricity sources.

For the timeframes of interest for AGC (seconds to minutes), we assume that

forecast errors are small. Then, the nonlinear DAE model is linearized along a nom-

inal system trajectory that results from wind and load forecasts. Then, by using

Kron reduction, it is possible to reduce the resulting linear DAE model to an ordi-

nary differential equation (ODE) model. This ODE model describes how variations

around wind and load forecast will affect the system dynamics and therefore the

frequency. Following [17], it is assumed that, due to the fact that the system is never

in steady-state, the system frequency is not homogenous across the system. Thus,

frequency on every bus of the network is defined as the nominal system frequency

plus the derivative of the voltage angle with respect to time. Therefore, this model

can be used to study the impact of wind variability on frequency across the sys-

tem, which might be relevant for deep penetration scenarios, e.g., 50% of the total

power at any given time is served by wind-based resources. We believe that the

model can be useful for understanding fundamental limits on the amount of wind

that can be integrated in a power system without violating frequency performance

metrics. Additionally, the model can be used to design advanced controls to aug-

ment AGC. For example, we envision that within the current hierarchy of frequency

response controls comprised of governor control and AGC, it may be possible to in-

troduce an intermediate control, acting faster than AGC but slower than governors,

to coordinate groups of coherent generators to smooth the variability of wind-based

generation in a particular area of the system where these generators are located.

The remainder of this chapter is organized as follows. Section 2 provides the

mathematical models for each of the system components. Section 3 provides the

formulation of the system nonlinear DAE model and its linearization along a nom-

inal trajectory. Section 4 illustrates the application of the modeling framework to

a simplified Western Electricity Coordinating Council (WECC) model. Concluding

remarks are presented in Section 5.
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2 Model Building Blocks

This section provides the mathematical models of the system components, which

are conventional synchronous generating units, renewable-based electricity sources,

the network, and the automatic generation control system.

2.1 Conventional (Synchronous) Generating Units

For the time-scales of interest, it is shown in [17] that a nine-state machine model,

including models for damper-windings, mechanical equations of motion, exciter,

voltage regulator, turbine, and the governor, can be reduced to a three-state model

that only includes the mechanical equations and the governor dynamics.

For the ith synchronous machine, let δi [rad] denote the rotor electrical angular

position (with respect to a synchronous reference rotating at ωs [rad/s]), ωi [rad/s]

denote the rotor electrical angular velocity, and Pi [pu] denote the turbine power.

Let Vi [pu] denote the machine terminal voltage magnitude, and θi [rad] denote the

machine terminal voltage angle. Let P
re f
i [pu] denote the input to the generating unit

control logic. If we neglect the motor changer controller dynamics, P
re f
i is just the

unit power setting. Then, the machine dynamics can be described by:

d

dt





δi

ωi

Pi



 =





0 1 0

0 − Di
Mi

1
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0 − 1
τiRiωs

− 1
τi









δi

ωi

Pi



+





0

− EiVi
MiXi

sin(δi −θi)

0



+

+





−1
Di
Mi
1

ωsτiRi



ωs +





0

0
1
τi



P
re f
i , (1)

where ωs [rad/s] is the machine electrical synchronous speed, Di [s/rad] is a damp-

ing coefficient, Mi [s2/rad] is the scaled machine inertia constant, Ei [pu] is the

voltage behind reactance (or machine “internal voltage”), τi [s] is the governor time

constant, and Ri [pu] is the slope of the machine speed-droop characteristic.

As explained in the next section, the generating unit i power setting P
re f
i is a

function of the unit base-point generation Ped
i (determined by economic dispatch in

intervals of five to fifteen minutes), and also by the AGC system generation alloca-

tion to the unit ith to account for deviations in frequency, area power exchange, and

load (from the value used in the economic dispatch calculation).
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2.2 Wind-Based Electricity Sources

For the time-scales of interest, it was shown in [18, 19] that, under normal system

operation (no faults in the network or sudden loss of synchronous generators), the

most important interaction of wind farms with the system is through the interchange

of power. Also in [18, 19], it was shown by using model-order reduction, that i) a

low-order dynamical model (up to three states) yields a simple yet accurate descrip-

tion of the relation between wind speed and power generated by a wind turbine, and

ii) this model can be extended to also describe the power generated by a group of

turbines.

In this work, we follow the ideas above and assume that the power generated by

a wind farm can be described by a nonlinear dynamical system. For simplicity of

subsequent developments and following [19], we assume that a first-order model

suffices (the ideas can be easily extended to higher-order models), and that wind

power plants are operated in power factor mode, with unity power factor. Although

not explicitly shown, this model can also be easily extended to take into account

wind power plant operation in voltage control mode. For the ith wind power plant,

let Pw
i be the active power generation, Qw

i the reactive power generation, and wi be

the representative wind speed of the site where the plant is located. Additionally,

following the terminology used for single turbine power characteristics [20], denote

by wc
i , wr

i , and w
f
i the wind plant representative cut-in, rated, and cut-out (furling)

wind speeds.

Then, plant active and reactive power are respectively given by

Pw
i = φi(vi,wi) :=















0, for wi < wc
I ,

βi(vi), for wc
i ≤ wi < wr

i ,

Pr
i , for wr

i ≤ w < w
f
i ,

0, for w ≥ w f ,

(2)

Qw
i = 0, (3)

where Pr
i is a constant (assuming all turbines are operational, this is the plant name-

plate power), βi : R 7→ R
+, and the evolution of vi ∈ R in (2) described by

v̇i = αi(vi,wi), (4)

where wi ∈ R
+, and αi : R×R

+ 7→ R.

Although not explicitly described in (2) and (4), wi can be modeled as a stochas-

tic process. Since φ(·) is a piecewise-defined function, the evolution of Pw
i can be

formalized using stochastic hybrid modeling formalisms (see, e.g., [21, 22]).
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2.3 Network

The electrical network is modeled by the standard power flow equations polar-

coordinate formulation. At each node, it is assumed that bus power injections can be

due to both synchronous generators and wind-based electricity sources. Loads are

modeled as active and reactive power withdraws, and the formulation is general to

account for the possibility of having loads at every bus of the network.

For the ith bus, let Vi denote the ith bus voltage magnitude, and let θi denote the

bus voltage angle. Let Ps
i and Qs

i denote active and reactive power injections from

the ith synchronous generator, and Pw
i denote active power injections from the ith

wind power plant. Finally, let Pd
i and Qd

i be the active and reactive power demand.

The power flows equations are

Ps
i + Pw

i −Pd
i =

n

∑
k=1

ViVk

(

Gik cos(θi −θk)+ Bik sin(θi −θk)
)

, (5)

Qs
i −Qd

i =
n

∑
k=1

ViVk

(

Gik sin(θi −θk)−Bik cos(θi −θk)
)

, (6)

where Gik and Bik are the real and imaginary parts, of the network admittance matrix

(i,k) entry respectively. It follows from the model in (1) that Ps
i and Qs

i are given by

Ps
i =

EiVi

Xi

sin(δi −θi), (7)

Qs
i =

EiVi

Xi

cos(δi −θi)−
V 2

i

Xi

, (8)

whereas the model for Pw
i was given in (2).

2.4 Automatic Generation Control System

For automatic generator control (AGC) modeling, it is assumed that there are m

different balancing areas within the interconnected system, and within each area,

only synchronous generators can participate in AGC. The ith generator participating

in AGC will adjust its power setting P
re f
i according to the corresponding area control

error (ACE) and its ACE participation factor. We follow the AGC model in [14,

pp. 352-355], except for the assumption made when deriving (1), where the motor

changer controller dynamics were neglected.

Denote by A = {1,2, . . . ,m} the set that indexes all balancing areas. For every

k ∈ A , denote by Ak ⊂ A the set of balancing areas that have tie lines with area

k. Denote by Pk j the actual power interchange between areas k and j (positive for

power leaving area k), and by f k the actual frequency of area k. Then, ACE for area

k is given by
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ACEk = − ∑
j∈Ak

(Pk j −P
k j
sch)−bk( f k − f nom), (9)

where P
k j
sch is the scheduled power interchange between areas k and j, Bk is the bias

factor for area k, and f nom is the system nominal frequency.

Let Bk j be the set of buses in area k with tie lines to buses in area j, and B jk be

the set of buses in area j with tie lines to buses in area k. Denote by Plm the power

flow from bus l to bus m. Then, the power exchange between areas k and j is

Pk j = ∑
l∈Bk j ,m∈B jk

Plm = ∑
l∈Bk j ,m∈B jk

VlVm

(

Glm cos(θl −θm)+ Blm sin(θl −θm)
)

.

(10)

Let αk
l denote the ACE participation factor for the lth generator in control area

k, and denote by Gk the set that indexes all the generators in area k. Then the power

setting of the lth generator in area k is given by

dzk

dt
= ACEk − ∑

i∈Gk

(Ped
i + αk

i (zi − ∑
j∈Gk

Ped
j )−Ps

i ),

P
re f
l = Ped

l + αk
l (zk − ∑

j∈Gk

Ped
j ), (11)

with ∑
i∈Gk

αk
i = 1, and where Ps

i = EiVi
Xi

sin(δi − θi), i.e., power generated by unit i.

Note that (11) is general enough to also include generators that do not participate in

AGC by setting their participation factor to zero, which would result in P
re f

l
= Ped

l .

The area k frequency fk in (9) can be related to the derivatives of the bus voltage

angles as follows. Let fi be the frequency on bus i, then

fi = f nom +
1

2π

dθi

dt
, (12)

where θi is the ith bus voltage angle [17]. Then, the frequency in area k can be

obtained as a weighted linear combination of the frequencies in several buses, i.e.,

f k = ∑
i∈Bk

γi fi (13)

with ∑
i∈Bk

γi = 1, where Bk is the set of buses in area k. In the simplest case, if the

frequency of a single bus is used in (9), the summation in (13) reduces to a single

term.
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3 System Model

We introduce now a system-level nonlinear differential-algebraic model using the

building blocks described in the previous section. We then linearize the differential-

algebraic model along a nominal trajectory and use Kron reduction to reduce the

differential-algebraic model linearization to a time-varying linear system model.

3.1 Nonlinear Differential-Algebraic Model

The system dynamic behavior can be described by a differential-algebraic equation

(DAE). The differential part arises from both the individual synchronous machine

dynamics as described in (1), the wind power plants as described in (2) and (4), and

the AGC system as described in (9)–(13). The algebraic part results from the power

flow equations as described in (5) and (6).

Define the vector of synchronous machine state variables as x = [x′1, x′2, . . . ,x
′
m]′,

with xi = [δi, ωi, Ti]
′; the vector of synchronous machine power settings as u =

[P
re f
1 , P

re f
2 , . . . ,P

re f
n ]′; the vector of algebraic variables as y = [y′1, y′2, . . . ,y

′
n]
′, with

yi = [θi, Vi]
′; the vector of wind-power-plant generation as pw = [Pw

1 , Pw
2 , . . . ,Pw

n ]′;
the vector of load demands as pd = [Pd

1 , Pd
2 , . . . ,Pd

n ]′; the vector of wind-power-

plant representative wind speeds as w = [w1, w2, . . . ,wn]
′, and v = [v1, v2, . . . ,vn]

′

the vector of wind power plant internal variables defining plants power output evo-

lution between cut-in and rated speed
(

see (4)
)

. Denote by psch the vector of sched-

uled power interchange between areas; let z = [z1, z2, . . . ,zm]′ be the vector of in-

puts to the generation allocation logic of the units participating in AGC; and let

ped = [Ped
1 , Ped

2 , . . . ,Ped
n ]′ be the vector that results from the solution to the eco-

nomic dispatch. Then the system dynamic behavior can be described by

dx

dt
= f (x,y,u), (14)

dz

dt
= h(x,y,z, psch, ped), (15)

u = k(z, ped), (16)

dv

dt
= α(v,w), (17)

pw = φ(v,w), (18)

0 = g(x,y, pd , pw). (19)

The function f : R
3n ×R

2n ×R
n 7→ R

n results from the synchronous generator dy-

namics as described in (1). The function h : R
n ×R

n ×R
m ×R

n ×R
n 7→ R

m results

from the synchronous generators power settings as described in (9)–(13). For the

jth with their power setting scheduled solely based on economic dispatch, it fol-

lows that u j = Ped
j . The functions α : R

n × (R+)n 7→ R
n, and φ : R

n × (R+)n 7→ R
n
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result from wind power plant dynamics as described in (2) and (4). The function

g : R
3n ×R

2n ×R
n 7→ R

n results from the network power flow equations.

The formulation in (14)–(19) is made general enough to allow the possibility of

having wind power plants, loads, and synchronous generator connected to all the

buses in the network. If this is not the case, the dimensions of x, pw, and Pd should

be modified accordingly as illustrated in an example in Section 4.

3.2 Linearized Model

In the nonlinear DAE model described in (14)–(19), there are two inputs that are

subject to uncertainty, which are the load demand vector pd and the wind-power-

plant averaged wind speed vector w. These uncertain inputs can be characterized by

their forecast p∗d and w∗. For the time-scales of interest, we assume that the fore-

cast error is small and linearize the system in (14)–(19) along a nominal trajectory

(x∗,y∗,u∗, p∗w) that results from the forecasted p∗d and w∗. Since the focus here is

on the evolution of the system dynamics in the time elapsed between two economic

dispatch calculation, and we assume that the economic dispatch solution p∗ed (as

well as the power interchange between areas p∗sch) remain constant.

Let x = x∗ + ∆x, y = y∗ + ∆y, u = u∗ + ∆u, pw = p∗w + ∆ pw, w = w∗ + ∆w, and

pd = p∗d + ∆ pd . Then, small variations in system trajectories around (x∗,y∗,u∗, p∗)
arising from small variations around p∗d and w∗ can be approximated by

d∆x

dt
= A1(t)∆x + A2(t)∆y + B1(t)∆u, (20)

d∆z

dt
= A3(t)∆x + A4(t)∆y + A5(t)∆z, (21)

∆u = B2(t)∆z, (22)

d∆ pw

dt
= F(t)∆ pw + G(t)∆w, (23)

0 = C1(t)∆x +C2(t)∆y + D1(t)∆ pd + D2(t)∆ pw, (24)

where:

A1(t) = ∂ f (x,y,u)
∂x

∣

∣

x∗,y∗,u∗
, A2(t) = ∂ f (x,y,u)

∂y

∣

∣

x∗,y∗,u∗
, B1(t) = ∂ f (x,y,u)

∂u

∣

∣

x∗,y∗,u∗
,

A3(t) = ∂h(x,y,psch,ped)
∂x

∣

∣

x∗,y∗,p∗
sch

,p∗
ed

, A4(t) = ∂h(x,y,psch,ped)
∂y

∣

∣

x∗,y∗,p∗
sch

,p∗
ed

A5(t) = ∂h(x,y,psch,ped)
∂ z

∣

∣

x∗,y∗,p∗
sch

,p∗
ed

, B2(t) = ∂k(z,ped)
∂ z

∣

∣

z∗,p∗
ed

,

C1(t) = ∂g(x,y,pd ,pw)
∂x

∣

∣

x∗,y∗,p∗
d
,p∗w

, C2(t) = ∂g(x,y,pd ,pw)
∂y

∣

∣

x∗,y∗,p∗
d
,p∗w

,

D1(t) = ∂g(x,y,pd ,pw)
∂ pd

∣

∣

x∗,y∗,p∗
d
,p∗w

, D2(t) = ∂g(x,y,pd,pw)
∂ pw

∣

∣

x∗,y∗,p∗
d
,p∗w

,

F(t) = diag
(

F1(t),F2(t), . . . ,Fn(t)
)

, G(t) = diag
(

G1(t),G2(t), . . . ,Gn(t)
)

,

with
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Fi(t) =

{

∂αi(vi,wi)
∂vi

∣

∣

v∗i ,w∗
i
, wc

i ≤ wi < wr
i ,

0, otherwise,
(25)

and

Gi(t) =

{

∂βi(vi)
∂vi

∣

∣

v∗i

∂αi(vi,wi)
∂wi

∣

∣

v∗i ,w∗
i
, wc

i ≤ wi < wr
i ,

0, otherwise.
(26)

In (24), as long as C2(t) is invertible, we can solve for ∆y to obtain

∆y = −C−1
2 (t)

(

C1(t)∆x + D1(t)∆ pd + D2(t)∆ pw

)

. (27)

A closer look at C2(t) = ∂g(x,y,pd ,pw)
∂y

∣

∣

x∗,y∗,p∗
d
,p∗w

reveals that C2(t) is invertible if and

only if the power flow Jacobian is invertible. We assume that for the nominal system

trajectory (x∗,y∗,u∗, p∗), invertibility of the power flow equations Jacobian always

holds. Then, we can use (27) to substitute ∆u in (20) and (21), and obtain an ordinary

differential equation model of the form

d

dt





∆x

∆z

∆ pw



 =





A11(t) A12(t) A13(t)
A21(t) A22(t) A23(t)
A31(t) A32(t) A33(t)









∆x

∆z

∆ pw



+





B11(t) B12(t)
B21(t) B22(t)
B31(t) B32(t)





[

∆w

∆ pd

]

,

(28)

where

A11(t)= A1(t)−A2(t)C
−1
2 (t)C1(t), A12(t)= B1(t)B2(t), A13(t)=−A2(t)C

−1
2 (t)D1(t),

A21(t) = A3(t)−A4(t)C
−1
2 (t)C1(t), A22(t) = A5(t), A23(t) = −A4(t)C

−1
2 (t)D2(t),

A31(t) = 0, A32(t) = 0, A33(t) = F(t), B11(t) = 0, B12(t) = −A2(t)C
−1
2 (t)D1(t),

B21(t) = 0, B22(t) = −B2(t)C
−1
2 (t)D1(t), B31(t) = G(t), B32(t) = 0.

4 Example

In this section, the modeling ideas presented in the previous section are illustrated

with the 3-machine, 6-bus system of Fig. 1, which is an adaption of the 3-machine,

9-bus model of the Western System Coordinating Council (WECC) system [17]. As

depicted in Fig. 1, we consider two balancing areas. We also introduce wind power

plants at buses 4 and 5. Also depicted in the figure are the frequency and power

exchange feedback loops, as well as the generator power setting control loops.
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Fig. 1 3-machine, 6-bus system with 2 balancing areas.

4.1 Dynamics of Conventional (Synchronous) Generating Units

As described in (14), the dynamics of the synchronous generators in the system

can be compactly written as dx
dt

= f (x,y,u). In this example, x = [x1, x2, x3]
′,

with xi = [δi, ωi, Pi]
′; y = [y1, y2, y3, y4, y5, y6]

′, with yi = [θi, Vi]
′; and

u = [Pre f
1 , P

re f
2 , P

re f
3 ]′, which results in

d

dt





x1

x2

x3



 =





Φ1 0 0

0 Φ2 0

0 0 Φ3









x1

x2

x3



+





Γ1(x1,y1)
Γ2(x2,y2)
Γ3(x3,y3)



+





ϒ1

ϒ2

ϒ3



+





Λ1 0 0

0 Λ2 0

0 0 Λ3











P
re f
1

P
re f
2

P
re f
3






,

(29)

where
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Φi =





0 1 0

0 − Di
Mi

1
Mi

0 − 1
τiRiωs

− 1
τi



 , Γi(xi) =





0

− EiVi
MiXi

sin(δi −θi)

0



 , ϒi =





−ωs

ωs
Di
Mi

1
τiRi



 , Λi =





0

0
1
τi



 ,

which is of the form in (14).

4.2 Dynamics of Wind Power Plants

As described in (17) and (18), the dynamics of the wind power plants can be com-

pactly written as dv
dt

= α(v,w), pw = φ(v,w). In this example, there are only wind

power plants at buses 4 and 5. It is assumed that the wind speed at the location of

the wind power plant connected to bus 4 is such that the plant is operating at its

rated power. Also, it is assumed that the wind power plant connected to bus 5 is

operating between its cut in and rated speeds. Thus v = [v4, v5]
′, pw = [pw

4 , pw
5 ]′,

and w = [w4, w5]
′, which results in

d

dt

[

v4

v5

]

=

[

α4(v4,w4)
α5(v5,w5)

]

,

[

Pw
4

Pw
5

]

=

[

Pr
4

β5(v5,w5)

]

, (30)

where Pr
4 is the nameplate power of the wind power plant connected to bus 4.

4.3 Network

As described in (19), the network power flow equations can be compactly written as

0 = g(x,y, pd , pw). In this example, pd = [Pd
4 , Pd

5 ,Pd
6 ]′, and pw = [Pw

4 , Pw
5 ]′. Denote

by Yik = 1/Xik the admittance of the transmission line between buses i and k. Then,

the power balance equations for bus 1 are

E1V1

X1

sin(δ1 −θ1) =Y14V1V4 sin(θ1 −θ4)+Y16V1V6 sin(θ1 −θ6),

E1V1

X1

cos(δ1 −θ1)−
V 2

1

X1

=−Y14V1V4 cos(θ1 −θ4)−Y16V1V6 cos(θ1 −θ6)

+ (Y14 +Y16 +Y1)V
2
1 . (31)

The power balance equations for bus 2 are given by
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E2V2

X2

sin(δ2 −θ2) =Y25V2V5 sin(θ2 −θ5)+Y26V2V6 sin(θ2 −θ6),

E2V2

X2

cos(δ2 −θ2)−
V 2

2

X2

=−Y25V2V5 cos(θ2 −θ5)−Y26V1V6 cos(θ2 −θ6)

+Y25 +Y26 +Y2)V
2
2 . (32)

The power balance equations for bus 3 are given by

E3V3

X3

sin(δ3 −θ3) =Y34V3V4 sin(θ3 −θ4)+Y35V3V5 sin(θ3 −θ5),

E3V3

X3

cos(δ3 −θ3)−
V 2

3

X3

=−Y34V3V4 cos(θ3 −θ4)−Y35V3V5 cos(θ3 −θ5)

+ (Y34 +Y35 +Y3)V
2
3 . (33)

The power balance equations for bus 4 are given by

Pw
4 −Pd

4 = Y14V4V1 sin(θ4 −θ1)+Y34V4V3 sin(θ4 −θ3),

Qw
4 −Qd

4 = −Y14V4V1 cos(θ4 −θ1)−Y34V4V3 cos(θ4 −θ3)+ (Y14 +Y34)V
2
3 . (34)

The power balance equations for bus 5 are given by

Pw
5 −Pd

5 = Y25V5V2 sin(θ5 −θ2)+Y35V5V3 sin(θ5 −θ3),

Qw
5 −Qd

5 = −Y25V5V2 cos(θ5 −θ2)−Y35V5V3 cos(θ5 −θ3)+ (Y25 +Y35)V
2
5 . (35)

The power balance equations for bus 6 are given by

−Pd
6 = Y16V6V1 sin(θ6 −θ1)+Y26V6V2 sin(θ6 −θ2),

−Qd
6 = −Y16V6V1 cos(θ6 −θ1)−Y26V6V2 cos(θ6 −θ2)+ (Y16 +Y26)V

2
6 . (36)

4.4 Automatic Generation Control

The AGC block diagram for this example is depicted in Fig. 2. As described

in (15) and (16) , the power settings of generators participating in AGC can be

compactly written as du
dt

= h(x,y, psch, ped), u = k(z, ped). In this example u =

[P
re f
1 , P

re f
2 , P

re f
3 ]′. For area 2, we assume that the frequency measurement used

in the ACE is the average of the frequencies on buses 1 and 3. Thus, the power

setting of generators 1 and 2 in balancing area 1 are given by
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ACE1 =− (P12 −P12
sch)−b1( f 1 − f nom),

P12 =P43 + P25 = Y34V4V3 sin(θ4 −θ3)+Y25V2V5 sin(θ2 −θ5),

dz1

dt
=ACE1 −

[

Ped
1 + α1

1

(

z1 − (Ped
1 + Ped

2 )
)

−Ps
1

]

+
[

Ped
2 + α1

2

(

z1 − (Ped
1 + Ped

2 )
)

−Ps
2

]

, (37)

P
re f
1 =Ped

1 + α1
1

(

z1 − (Ped
1 + Ped

2 )
)

,

P
re f
2 =Ped

2 + α1
2

(

z1 − (Ped
1 + Ped

2 )
)

, (38)

where f 1 = f1+ f3
2

. The frequencies in buses 1 and 3 can be related to the voltage

angles in buses 1 and 3 as follows:

f1 = f nom +
1

2π

dθ1

dt
,

f2 = f nom +
1

2π

dθ2

dt
. (39)

For area 2, we assume that the frequency used in the ACE is the frequency on

bus 6. Thus the power setting of generator 3 in balancing area 2 is given by

ACE2 = −(P21 −P21
sch)−b2( f 2 − f nom),

P12 = P34 + P52 = Y34V3V4 sin(θ3 −θ4)+Y25,V5V2 sin(θ5 −θ2)

dz2

dt
= ACE2 −

[

Ped
3 + α2

3

(

z2 −Ped
3 )−Ps

3

]

,

P
re f
3 = Ped

3 + α2
3

(

z2 −Ped
3 )−Ps

3 (40)

where f 2 = f3, and α2
3 = 1. By rearranging (38) and (40), we obtain an expression

of the form in (15) and (16).

5 Concluding Remarks

This chapter developed a dynamical model for capturing the impact of deep penetra-

tion of wind resources on system frequency response. This model includes the elec-

trical network, which in AGC models is usually suppressed. Our hypothesis is that,

for deep penetration scenarios, the network may also have some substantial smooth-

ing effects as it does affect the response of the overall closed-loop system dynamic

behavior. We believe that the model can be useful for understanding fundamental

limits on the amount of wind that can be integrated in a power system without vio-

lating frequency performance metrics. Future work will include the comparison of

the behavior of this model and classical models available in the literature to verify

whether or not our hypothesis is indeed correct or on the contrary, the effect of the

network to smooth out wind variability can be neglected.
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Fig. 2 AGC system for 3-machine, 6-bus system.
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