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Abstract—This work develops a hierarchy of models,
each with distinct time resolutions, for microgrids having
grid-feeding inverters at all generation buses. Specifically,
our focus is on microgrids with battery storage units
connected to an electrical network via grid-feeding in-
verters. The process of developing the model hierarchy
involves three key stages: (1) the formulation of a microgrid
high-order model using circuit-theoretic and control laws,
(2) the systematic reduction of this high-order model to
distinct reduced-order models using singular perturbation
techniques, and (3) an identification of the time resolutions
for which each reduced-order model is valid. A comparison
between the responses of all the models developed and that
of a microgrid ultra-high fidelity model is presented.

I. INTRODUCTION

A microgrid may be defined as a collection of loads
and distributed energy resources (DERSs), interconnected
via an electrical network with a small physical footprint,
which is capable of operating in (1) grid-connected
mode, as part of a large power system; or (2) islanded
mode, as an autonomous power system. The DERs that
constitute a microgrid are often interfaced to the elec-
trical network via a grid-feeding inverter, where the real
and reactive power injections are controlled to track a
given reference; or via a grid-forming inverter, where the
output voltage magnitude and frequency are controlled
to track a given reference.

As the popularity and adoption of the microgrid
concept in electricity systems increases, it becomes
necessary to develop comprehensive mathematical mod-
els. Models are tools that control engineers, scientists,
mathematicians, and other non experts in the field of
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microgrids, require for the different analysis and control
design tasks necessary for development of innovative
microgrid technologies. Accurate mathematical models
may be developed for inverter-based microgrids by uti-
lizing concepts from circuit-theoretic and control theory.
However, the resulting models are often highly complex
and too detailed for the particular application. It therefore
becomes necessary to simplify these models to less
detailed ones which, though less accurate, can represent
the phenomena relevant to the application of interest.

The main contribution of this paper is the develop-
ment of a time-resolution-based hierarchy of models for
inverter-based microgrids, and an identification of the
time resolution for which each model is valid. The focus
of this work is on microgrids with power supplies con-
nected to an electrical network via grid-feeding inverters.
Using Kirchhoff’s laws, component terminal relations,
and basic control law definitions, a microgrid high-order
model (xHOm) is developed. Afterwards, two reduced-
order models, referred to as microgrid reduced-order
model 1 (®ROm1) and microgrid reduced-order model 2
(uROm?2), are obtained from the ¢HOm using singular
perturbation techniques for model-order reduction. The
time resolution for which the reduced-order models are
valid is identified, and all three models are explicitly
presented with the small parameters used for singular
perturbation analysis identified. Finally, for some test
cases, the responses of all three models are compared
to that of a microgrid ultra-high fidelity model (UH®m)
that is: (1) designed to mimic a real system, and (2) mod-
eled on a real-time simulator platform developed by
Typhoon HIL, Inc. [1].

The development of mathematical models for micro-
grids with grid-feeding inverters has received significant



attention in the research community. Recent work in
this area includes formulations of (1) switched models,
referred to as the UH®m in this work, which are very
detailed and capture the high frequency switching tran-
sients introduced by the inverter Pulse Width Modulation
(PWM) mechanism [15], (2) averaged models, referred
to as the pHOm in this work, which are slightly less
elaborate and describe dynamics of the average values of
variables, neglecting the PWM switching transients [15],
and (3) reduced-order models, referred to as pROm?2
in this paper, which approximate the inverter-interfaced
power supply with a constant power source. Although
the formulations of these models are usually detailed,
authors fail to identify the time resolutions associated
with the different models. More specifically, Pogaku
et al. [11] presents a high-order model for grid-forming-
inverter based microgrids but exclude a discussion on
model-order reduction. Anand and Fernandes [3], and
Rasheduzzaman et al. [12] present reduced-order models
for microgrids but the models are obtained using small-
signal analysis, which is only valid within certain oper-
ating regions. Kodra et al. [7] discuss the model-order
reduction of an islanded microgrid using singular pertur-
bation analysis. However, the electrical network dynam-
ics are not included in the high-order model presented,
and a simple linear model, which does not fully capture
the dynamics of the islanded microgrid, is used for the
singular perturbation analysis. Schiffer et al. [14] develop
a detailed high-order model for grid-feeding-inverter-
based microgrids, and singular perturbation analysis is
employed to perform time-scale separation and model-
order reduction with the underlying assumptions stated.
However, though the authors claim that the model-order
reduction can be performed, the small parameters in the
model used for singular perturbation analysis are not ex-
plicitly identified, and details of the singular perturbation
analysis are not presented. Also, just one reduced-order
model is developed, and the time resolution associated
with the model is not identified.

II. PRELIMINARIES

In this section, we first introduce the gd0 transfor-
mation of three-phase variables to arbitrary and syn-
chronous reference frames. Next, we introduce graph-
theoretic notions used in later developments to develop
the microgrid network model. Finally, a primer on sin-
gular perturbation analysis for model-order reduction is
presented.

A. The qdO Transformation

Let «(t) denote the angular position of a reference
frame rotating at an arbitrary angular velocity, w(t), and
tet faoa( () = [fata@) () Ffaaw)(®) foram®]
denote the gdO transform of a vector of 3-phase vari-
ables, fapc(t) = [fa(t)  fi(t) fc(t)]T, to the reference
frame. The general form of the non-power-invariant gd0
transformation is given by:

£ga0ia(t) (t) = Ka(a(t))fape (), (D
where:
cos(a(t)) cos(a(t) — &) cos(a(t) + ZF)
Ki(at)= = sin((fc(t)) blIl(Oé(tl) ) bln(a(t1)+ ),
at) = (/0 w(T) dr + (0).

The ¢d0 reference frame in (1) is referred to as the
arbitrary reference frame, but when «(t) = wot, where
wo denotes the synchronous frequency, it is referred to
as the synchronously rotating reference frame [9].

Assume that f,(t), fp(t), and f.(¢) are a balanced
three-phase set. Let f qoo4(t) and £ ggopa () (t) de-
note the complex representation of f,.(¢) in the syn-
chronously rotating reference frame and the arbitrary
reference frame, respectively. Then, by using (1), we
have that for

?qdo[-] () = for1(t) = jfap) (@), 2)
where j denotes the complex variable, i.e., j = v/—1,

T yoae)(®) = F gdofon () exp(—id(1)),  (3)

with

o(t) := a(t) — wot.
[Note that because of the balanced assumption on f,(¢),
fb(t)’ afld fc(t)’ fO[a(t)] (t) =0] T
~Let foaoen() = [faow(t) fiae®)], and

T
fqu[wgt] (t> = [fq[wot] (t) fd[wot] (t)] ; then from (2)_
(3), it follows that:

fgaofa(r (t) = Ko (3(t)Eyaopwon (1), )
with
_ |cos(d(t)) —sin(d(t))
Ko0() = |gin(s(t))  cos(5(8)) |
and the evolution of §(¢) governed by:
dot) = w(t) — wo. (5)

dt



B. Graph-Theoretic Network Model

The topology of the microgrid electrical network can
be described by a connected undirected graph, G =
(V, €), with V denoting the set of buses in the network,
so that V = {1,2,...,
so that {j,k} € & if buses j and k are electrically
connected. Choose an arbitrary orientation for each of
the elements in £; then we can define an incidence
matrix, M = [m;] € R™ €l associated with this
orientation as follows:

mg = 1 if edge e is directed away from node i,
m;e = —1 if edge e is directed into node 1,
m;e = 0 if edge e is not incident on node <.

Connected to some buses, we assume that there is an
inverter-interfaced source, the dynamics of which are
described in Section III-A; and at each bus, we assume
there is another element, the dynamics of which are
described by a generic dynamical model satisfying some
properties, as described in Section ITI-C.

Let V7 C V denote the set of buses with an inverter-
interfaced source. For j = 1,2,...,|Vz], let s; be used to
identify variables associated with the inverter-interfaced
source connected to bus j. As a result, we can represent
the resistance, inductance and current injection of the
source as: R(°3), L(3) and I(%))(t), respectively.

For j = 1,2,...,|V|, let l; be used to identify
variables associated with an element connected to bus j.
As a result, we can represent the resistance, inductance
and current injection of the element as: R, L) and
I (t), respectively.

For m = 1,2,... &, let ey, = {j,k}, {j,k} € E.
As a result, we can represent the resistance, inductance
and current across a line extending from bus j to bus k
as: R(em), L(em) and I(¢m)(t), respectively.

C. A Primer on Singular Perturbation Analysis

Definition (Big O notation). Consider a function f(e),
defined on some subset of the real numbers. We write
fley=0 (ek) if and only if there exists a positive real
number C, such that:

|f(2)] < Ce*, as e = 0.

The material in this section follows closely from the
developments in ([8], pp. 1-12) and ([6], pp. 7-11).
Consider the following two-time-scale dynamical model:

x(t)=f (x(t), z(t), w(t), e) , x(0) = xY,
GZ(t) =9 (X(t),Z(t),W(t), 6) ) Z(O) = Z07 (6)
0 = h(x(t),z(t),w(t),e), w(0)=w",

with slow and fast time-scales, ¢ and 7 =
SpCCtiVCly, where f( 7'7'76) = 0(1)7 g('a'a'a
O(1), and A (-,-,-,€) = O(1).

Assumption IL.1. Let the bar (~) and tilde (™) notations
be used to describe the slow t-scale and fast T-scale
variables, respectively. x, z and w can be decoupled to

x(t) = x(t) + %(7),

where

Ro(t) + X1 (t) + ERa(t) 4+ -+,

— =

x(t) =
(T):io )+ X1 (1) + EXa (1) + -,
Z(t) = Zo(t) + €z1(t) + 2Za(t) + -,
7(1) = Zo(7) + €21 (1) + €72() + -,
W(t) = Wo(t) + eWy(t) + EWa(t) + -+,
W(T) = Wo(T) + eW1(7) + EWa(r) +--- .

The dynamical model in (6) may be rewritten in terms
of t and 7 as:

1dx7'

€ dr
dZT

= f(R(t) + %(7),2(t) + 2(1), W(t) + W(7),€)
w(t) + w(T), e) ,

JZ(t) + 2(7), W(t) +W(T),€),

+ x(7),Zz(t) + z(7),
( (t x(7)
and by setting € = 0, it follows that:

dXO( ) 0
dr
x[)( N =f (x(]( ) + Xo(00), Zo(t) + Zo(00), Wo(t) + V-(’()(OO),O) ,
BT _ 5 (0(0) + Zo(r),70(0) + o (r), Wo(0) + o(7),0)
and

0 = h (X0(0) + %o(7),Z0(0) + Zo(7),
0 = h (Ro(t) + Xo(00),Zo(t) + Zo(c0),

Wo(0) + Wo(7),0),
Wo(t) + Wo(0),0) .

Assumption IL2. Equation (7) has distinct real roots,
one of which is:

)

Wo(0) + Wo(7) = v (%0(0) + Xo(7),20(0) +
Wo(t) + Wo(o0) = v (Ro(t) + Xo(00), Zo(t) +

Choosing initial conditions X(0) = 0 and X((0) =
xY, let Zo(t) = ¢ (Xo(t)) be a root of

0=g (io(t),zo(t), v (%o(1), Zo(1)) ,o) . ®)

As a result, the two-time-scale dynamical model in (6)
may be expressed in the approximate form:

%0(t) = £ (Ro(t),C(Ro (), v (%o(t), C(Ro(1))) ,0)
)



and
POT) g (30,60 + (), v, Cx0) + 70(7)),0)
(10)
where %((0) = x° and Zo(0) = z° — ((xY)
Assumption IL.3. The eqmlzbrmm Zo(T) = 0 of (10)

is asymptotically stable in x°, and Zy(0) belongs to its
domain of attraction.

Assumption IL4. The eigenvalues of %, the Jacobian
of (8), evaluated, for ¢ = 0, along Xo(t), Zo(t), have
real parts smaller than a fixed negative number.

Theorem (Tikhonov’s theorem). Let f and g in (6)
be sufficiently many times continuously differentiable
functions of their arguments, and let the root, Zy(t) =
¢ (Xo(t)) of (8) be distinct and real, in the domain of
interest. Then, if assumptions 1.1, 11.2, I1.3 and 11.4 are
satisfied, (6) can be approximated by (9) and (10), where
x(t) = xo(t) + O(e),
z(t) = ((Xo(t)) + 2Zo(7) + O(e),
w(t) = v (Xo(t), ((Ro(t)) + Zo (7)) + O(e),
and there exists tg > 0 such that
z(t) = ((Xo(t)) + O(e),
w(t) = v (%o(t), ((%o(t))) + O(e),
for all t > t,.

In this work, we refer to

mm=f@wm&w»wm@«mw»?
11)
as the reduced-order model i.e. the approximate
slow component.

Definition (Time resolution). The time-resolution of the
reduced-order in (11) is the time tq such that Zo(7) = 0,
for all t > tg.

Consider the dynamical model in (6). If we choose €
such that f% is greater than the real part of eigenvalues
associated with the fast dynamics, then the fast model
in (10) reaches equilibrium Zo(7) = O in around 5e
seconds. As a result, we say that the time resolution
of the reduced-order model in (11) is 5¢ seconds.

III. MICROGRID HIGH-ORDER MODEL

In this section, basic circuit laws are used in con-
junction with notions introduced in Section II to de-
velop a High-Order model for a grid-feeding-inverter-
based AC microgrid operating in grid-connected mode.

First, a model is developed for an inverter-interfaced
source, which includes a battery, a 3-phase inverter, an
LCL filter, an outer power controller and inner current
controller, and a phase-locked loop. Next, a three-phase
model for the electrical network is developed, along
with a generic model for an element (typically a load)
connected between each bus and the ground.

The Microgrid High-Order Model (¢zHOm), whose
system model is depicted in Fig. 1 below, is developed by
combining the inverter-interfaced source model, the net-
work model and the generic element model. In this work,
the models developed are expressed using the per-unit
representation, to ease analysis in later developments.

PHASE-LOCKED
LOOP

POWER

l' CONTROLLER "|

LCL
FILTER

THREE-PHASE
INVERTER

BATTERY[—| Network

THREE-PHASE
LOAD

Fig. 1: Microgrid Model.

A. Inverter-Interfaced Source Model

The structure of the inverter-interfaced source adopted
in this work, shown in Fig. 1, is comprised of a 3-
phase inverter coupled with a battery, an LCL filter,
a power controller and a phase-locked loop (PLL). An
averaged model, as opposed to a switched model, is used
to describe the 3-phase inverter dynamics (see [15], pp.
27-38, for more details).

For the inverter connected to bus j of the microgrid
network, let Vésc’;) denote the dc voltage at the inverter
input. Let U5 (¢), EG)(t), EG)(t) and V) (1) de-
note the Pulse Width Modulation (PWM) output voltage
of the inverter, the internal voltage of the inverter, the
LCL filter capacitor voltage, and the voltage at bus
j, in per-unit representation, respectively. Let Z(%)(t)
and I(%9)(t) denote the inverter output current and the
filtered inverter output current, in per-unit representation,
respectively. Let I'(%s)(t) denote the state variable for
the current controller, in per-unit representation. Let



PG and Q*7) denote the inverter three-phase real
and reactive power references, in per-unit representation,
respectively. Let A(%i)(¢) denote the state variable for
the phase-locked loop (PLL), in per-unit representation.
Then, using the ¢d0 transformation discussed in Sec-
tion II, the dynamics of the inverter-interfaced source
connected to bus j of the microgrid electrical network
can be described by:

1 d6ta) (¢ ) _ (53) (57) (53) 5 (55)
s d = K Bl O+ KNG (O~ L
(s4)
LO9) dlyilog(®) (a5 7(e5) (7 7(s3) (s5
=0 T = RS (@) = Ll (8) + E, wni (@)
(t5)
- Vq[wnf]( )
L6 dlghn® o (51 7(69) )
- S L IG00) — RIS + B0
(15)
= Vardon (®);
(s5)
) {]Eq[wut]( ) (s5) (55) £(55) —(s5)
wo  dt :*I(;[LJJUL]( )= CPUE, d[w L]( )+ q[i;(,/,](t)v
(s5)
C ) dE Z:Uz (t) (s;) 5 (s;) ,_(s
— 7(# =~ LD+ OB 0 + 252 o),
. () (55
g 0z, um(m() _Vpe' Kr p ®
wo dt 2 ala® ()

V(s (s5)
_ | g 4 o2 Kby | o) )
© 2 Zaqla) (1))

(55) 1(s5) (s5) (s5)
VD KSD P o) ) — @CPESH, L (8)

2 (s5) 2
B e i ®* +E (”(t)J(t)
(85) g (55)
g” dz, a(:)(;)](t) _Vch‘ K \(s5) ®
Two dt N 2 dfal) (1))
(s5) ( )
_ R(S;) Ve Pw] =(s5) (t) 12)
0 2 Td[a) ()]
(55) (s5) (s;)
VSDKSD PEVER L O + @B, (1)
2 ~(s5) ~(s5)
B oy 2+ B2 ) (62

(s5) _ (7 (s5) =(s5) ) Pp(si)
B0 @1 ® = (~Liam @ ® + Ero e ®) R’
(s5)
+E [;m J(t),
(s5) (sj =(s;) A(s5)
Ed[i(])( )](t) = (_I a(])(L)](t) + :d[jx(l)(L)](t)) Ro?

(s;
+ Ed[a(})(/) @®,

Eqd()[a(])(l,)](t) = K'z(é“ t)) qd0[wot] ( ),

éqd(![u(]) L)](t) = (5(’ t))“qdo[w)t](t)
1 dFv(zEr)(ﬂ(/)](t) P E(E(Jx(”(I)](t) Q(’J)E‘f]w])m](t)
wo dt E(F{:&?)(t ()2 + B &(1)(t)](t)2

=(s5)
= [&(:)(t)] (t)

(s5) (55) a(s5) (55) 1(s5)
1 dr a(ﬂ(t)](t) _ P E (1(])(; O+Q-""F i(z)(:)](t)

dt (s5)
w0 EQ[:\(”U)]( )? +E “)(t)J( ¥

(55)
afet @y (8

1 dA a(ﬂ(;)](t) () )
wo dt “da) )]

\ J

where LOQJ ), L3 and C(59) denote the inductances and
capacitance of the LCL filter, in per-unit representation,
respectively; R(()sj ), R(()Sj ) and RG3) denote the inverter
and filter resistances, in per-unit representation, respec-

tively; K (6;) and K; (s]) denote the proportional and
integral control gains for the current controller, in per-
unit representation, respectively; K 1(5/{) and K ;f\J ) denote
the proportional and integral controller gains for the
PLL, in per-unit representation, respectively. Filtered real
and reactive power measurements, P]Esj )( t) and Q(s’ )( t),
can be described by:

()
1 dPy (1) s .
T = PPy + EUD (016 () + B2 (0152 (1),

C T aleot]
(s5)
1 dQy () ) (55 py7(s9) (55) py7(s9)
a9 OF Bl O aon® = Bagen O ai0n®),
c
with wcsj) denoting the filter cut-off frequency.

B. Network Model

Assumption IIL.1. All lines connecting the network
buses can be represented using the short transmission
line model [5].

Let V([lw) t]( )— JV([Z 3) t]( ) denote the per-unit voltage
at bus 7, and let RFem), ' L{em) and Ié[e“’)';)t]( ) — I((ifg;)f]( )
denote the per-unit resistance, inductance and current
across line (j, k), respectively, as introduced in Sec-
tion II-B. Then, the voltage across a line connecting bus
j and bus k of the network can be described by:

Len) dIE™) (1)

(15) Iy g[wot] e e, - .

V‘I[WO’ ®) - (wx?f](t) wo dt R( )I([w )f]( )+ L )I([wn)f]( )s
(em)

1 ! Llew) dIya(t ) e ) 7(em o) +(om
V([wot]( )= V([:“‘zt]( )= wo T + R m>[§[wo)t] () - L M)I;[wo)t]@)-
Let

(V) (1) (I2) - ‘) T
VD0 = [V @) v, v o)
T
g 4] ) a
VIR0 = VA0 vige - vilie]
(E) _ e1) €e2) (ere) T
1000 = [0 1200 - 150]
& (1) = e (eren)
K20 = [I52)0 52,0 - 1 )}

Then the network dynamics are described by:

®
1 - ey Tyl () o1 £)1(&)
L@ Tt RO o) - 1O1, )
+MTV(K})t ( )
(5) () - (13)
1 dl
(&) “dlwot] _ _npEeT® &) 7&
ool g = T R g () + LG ()
v
+MIVED (@),
with

R — diag(Rwlg Rl ... R(em)),

LE — diag(yel), JACO N L<e|g‘>>7



d®?, d™) is a diagonal

matrix with diagonal entries dW, 4@, , d™; and
M denotes the network incidence matrix as defined in
Section II.

where diag (d(l) ,

C. Generic Element Model

Let V:Z([Zw) y(t )— Vd([lw) t]( ) denote the per-unit voltage
(1) L7 (1) (t) denote the per-

at bus j, and let I[ ]( ) — ey
unit current injection by an element (typically a load) at
bus j. The dynamics can be described by a generic non-
linear system of differential equations which we assume
to be of the form:

1 Vi (0 = av (Vg (0, Vo 0. 1600 (9. Ty (1),

(l Vi) = dV(V(lw;f]( )s Vaena @, 15 0, 1500 4 ), (14)

T 8) = @ (Voo O, Videg (0 L ©: L ©)

§I&N>mmw Vi@, 1500, I, ),
where ,ugj ) and ,uglj ) represent time constants of the

generic element at bus j; and qv(~,~,~,~), dV(~, e )
ar(-,+,-,-), and dy (-, -, -, ) are nonlinear functions of its
state variables.

IV. MICROGRID REDUCED-ORDER MODEL 1

Using the singular perturbation techniques discussed
in Section II-C, we reduce the order (state-space dimen-
sion) of the 4sHOm described in (12)—(14) to obtain the
p#ROm1.

Assumption IV.l. For ¢ = 1 x 1073, there ex-
ists k7, k(M e (0,10, i = 1,2,..., such

(s5) . (s5) . (Sj)
that: €2 = e, L= ke, fo =
We, a9 = e, 1) = 1De, SN
LL® = diag (0, k), RIED) &

Assumption IV.2. The dynamic properties of the fHOm
are such that: at each bus j, for

T
i (f) = Pfsj>(t) Q(fsj)(t) F<S[;)(j)(t)](t) F;S[;{j)(t)](t)} ,
z1(t) = 5(sj)(t) ](Eiét](t) I(?:;z)t](t) AEZ@))(t)](t)
Byign®  Billon®  Zit ) ®
=@ 120 0
ViDa© VL0 10,0 12,0] "
wi(t) = [Eéfi()]t] (t) E<?5Jit] (t)]T, the dynamics of z1(t)

are faster than those of x1(t), and the uHOm can be
expressed compactly as follows:

x1(t) = fi (x1(t),z1(t), wi(t),e1)
e1z1(t) = g1 (x1(t), z1(t), wi(t), 1) ,
0= hl (Xl(t),Zl(t),Wl(t),El) .

Assumption IV.3. Equation (15) satisfies the conditions
for Tikhonov’s theorem, as presented in Section II-C.

5)

Given Assumptions IV.1-1V.3, the tHOm can be
reduced to the model,

o) = 1 (Rouy 0, (04 (R 0, o)) .0)

which is the so-called Microgrid Reduced-Order
Model 1 (zROm1). The explicit ordinary differ-
ential equations (ODEs) that constitute ©ROml
are derived in Appendix B

V. MICROGRID REDUCED-ORDER MODEL 2

Using the singular perturbation techniques discussed
in Section II-C, we reduce the order (state-space dimen-
sion) of the ©HOm to obtain the ptROm?2.

Assumption V.1. For e = 1 x 1071, there ex-
ists k) Em) e (0,10), i = 1,2,..., such
that: CLJ) - k(]) 2, LSO’J') = kéj)ﬁz, ng) =
. 1 1 ;
Wer, a9 = ey 1) — ke, S ey
LL®) = diag (;;(1) @) ;;<|£\>)62
<<> Vi D)
2R0] ZKpl k(J)
oVE(;'J)Kﬁi{])

Assumption V.2. The dynamic properties of the nHOm
are such that: at each bus 1‘7 for

xo(t) = [P (1) Q0]

(s5) (s5)
z2(t) =T [] (J)(t>](t) r [(]x(j)(t)](t) WOz (t)
(s5) (s5) (s5) =(s5)
Id[jfot ® E(I[:)ot](t) E [:Jot ® = [](*J)St)
=(55) (s5) 705
([;)(”(t)](t) (1\)[a]<1)<t)](t) [wot](t dlivot) (¢ -
l l &) &) s
Vaidon®  Vaton @ Tyoon @ Taepn @ 9 ’)(t)] :
wa(t) = [E;if)gt] (t) E(?i) 4 (t)] , the dynamics of zs(t)

are faster than those of x3(t), and the pHOm can be
expressed compactly as follows:

Xg(t) = f2 (Xg(t), Zg(t),Wg(t),Eg) 5
e222(t) = g2 (x2(t), 22(t), Wa(t), €2) ,
0= h2 (Xg(t),Zg(t),WQ(t),ég) .

Assumption V.3. Equation (16) satisfies the conditions
for Tikhonov’s theorem, as presented in Section II-C.

(16)



Given Assumptions V.1-V.3, the ytHOm can be
reduced to the model,

ot ) = o (Sor 0, G R (), 2 (R 0, Gl ) .0)

which is the so-called Microgrid Reduced-Order
Model 2 (1ROm?2). The explicit ODEs that con-
stitute ©tROm?2 are derived in Appendix C

VI. COMPARISON OF UH®M, ptHOM, ptROM1 AND
#ROM2

In this section, the time resolution of each reduced-
order model is discussed, and for given test cases, the
responses of UH®m, pyHOm, 4ROm1 and pROm?2 are
compared and validated.

A. Reduced-Model Time Resolution

For formulation of 4ROmi, where ¢ = 1,2, ¢; was
chosen such that ﬁ represents the largest eigenvalues
of the system, associated with the fast states z;(t). Con-
sequently, the fast-varying terms in the system response
reach steady state in approximately 50¢; seconds and the
time resolution of yROm: is 50¢; seconds. Table I shows
the time resolution for the reduced-order models.

TABLE I: Reduced-Model Time Resolution

small parameter | time-resolution
uROm1 || ¢ =1x 1073 50 ms
£#ROmM2 e =0.1 5s

B. Model Validation

To validate the pHOm, pROml and pgROm2, the
following test case is employed: a grid-feeding inverter
connected to an infinite bus through a short transmission
line. Using the pHOm, p¢ROml and pROm?2 respec-
tively, we developed the test case in Simulink. We also
designed an ultra-high fidelity model (UH®m) of the
test case on a real-time simulator device called the
HIL 402, which was developed by Typhoon HIL [1]. The
properties of UH®m and pHOm are shown in Table II
below.

Firstly, we use a step response analysis to compare the
UH®m, ptHOm, tROml and ¢ROm?2. The simulation
starts at ¢ = 0, and the system is in steady state with
the power references taking values Pgsl) = 12kW and
Q&sﬂ = 9kW. At ¢t = 0.1s, the real power reference

TABLE II: UH®m vs xHOm

[ | Parameters [ UH®m [ pHOm |
r(t) 0.10 0.1Q
10 3mH 3mH
LOL Filter r(o1) 1mQ 1mQ
10s1) 2uH 2uH
) 15mQ | 15mQ
c(s1) 20uF 20uF
Model Switched | Averaged
PWM Inverter Rating 3BKW | 35kW
Current Controller Gains Proportional 0.015 0.015
Integral 1 1
Filter? Yes No
PLL Proportional 100 100
Integral 3200 3200
Derivative 1 0
(e1)
Network re 8m&) Sm{)
1(e1) 3uH 3uH
Magnitude 227V 227V
oo Bus Voltage Angle 0 0
is changed instantaneously to Pg.sl) = 15kW, and at

t = 0.5s, the reactive power reference is changed
instantaneously to Q&Sl) = 10kW. The filtered real and
reactive power measurements, P}Sl)(t) and ngl)(t), are
shown in Figs. 2 and 3.

Real Power Output (kW)

UH®m
=yHOm

=uROM1
=;ROm2]

. . . . . . |
0.4 0.5 0.6 0.7 0.8 0.9 1
Time (Seconds)

I I
0 0.1 0.2 0.3

Fig. 2: Real power step response.

Secondly, we present the RegD signal responses of the
UH®m, ptHOm, pyROm1 and 4pROm2, for the specified
test case. The RegD signal is a normalized dynamic
regulation signal developed by PJM interconnection [2]
specifically for energy storage devices with limited stor-
age capabilities. The signals are designed to have high
gain and short time constants for fast convergence on
area control error correction, and to have an energy
neutrality integration term [4]. In this analysis, we use
a 40 min long RegD test signal that changes every 2
seconds (see [10]). The real power reference, P(rsl),
is set to the test signal value, and the reactive power
reference, QSSI), is set to zero. The filtered real power



Reactive Power Output (kVAr)

101
9.8 (
9.6 UH®m
=uHOm
[=pROmM1
9.4 [=#ROmM2
9.2
9
i ! I ! h f . . . . I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (Seconds)

Fig. 3: Reactive power step response.

measurement, P(Sl)( t), is shown in Fig. 4, and the
normalized root mean square errors of pHOm, 4ROml
and pROm?2, for P;Sl)(t), are shown in Fig. 5

Real Power Response (kW)
RegD Signal
—UH®m
—uHOm
pROM1
—uROmM2

0 5 10 15 20 25 30 35 40
Time (Minutes)

Fig. 4: RegD Test Signal Response

Real Power NRMSE (%)

—/HOm
0.4 JROm1|
[=uROM2

0.15[

| =1

. . . . . . . |
0 5 10 15 20 25 30 35 40
Time (Minutes)

Fig. 5: Normalized Root Mean Square Error (NRMSE)

VII. CONCLUSION

In this work, we developed a microgrid high-order
model (#®HOm) by using circuit-theoretic and control
laws. We used singular perturbation techniques for
model-order reduction of the pHOm, which allowed
us to obtain two reduced-order models, tROml and
©ROmM?2, with the time resolution of each reduced-model

identified. We showed that, neglecting the measurement
filter dynamics, the yROm1 is a system of differential-
algebraic equations, where the dynamic states are the in-
verter current controller state variables, and the fROm2
is a system of algebraic power balance equations.

We compared the step responses of all three models to
that of an Ultra-High Fidelity model for the microgrid,
designed to mimic a real system. Using the time resolu-
tions to analyze each models response, we observed that
the step responses of ptHOm, yROm1 and pROm?2 track
the averaged step response of the UH®m. This is due
to the inverter averaged model, used to develop pHOm.
The real power responses to a RegD signal test case were
also presented, with the normalized root mean square
error for all models shown to be less than 0.5 percent.

APPENDIX A
REDUCTION OF EQUATIONS FOR THE LC'L FILTER,
PLL, NETWORK AND GENERIC ELEMENT

Assumption A.l. The generic model in (14) can be
reduced to the so called ZIP model (see e.g. [13]), given
by:

() (15)
‘/q[i(,t] (t) q[wuf (f) + Vd[wuf (f)l f](t)

P(glj) _‘7(1,)(0‘ Pl(lj)
2
_‘7(1,1)(75)‘ Pz(l”,
(15) ;) _ (lj) L
Vi I () = — 7(7< ) (¢ ‘
,‘\—}u] ‘ Q.
where Po(lj), Pl(lj), Pz(lj), Q(l le) and Q( ) denote
constants for the element at bus j, and Vi i) (t )‘ denotes the

@5)
Vd[wgt ( )

@) ()
Vateoot) O asn (8) —

phasor magnitude of v ( ) —

q[wot

(s
Let #%3)(t) == arctan (W) , and 05 (t) ==

qlwpt] )
v @) ,
arctan (fﬁ“i)) . Let 89 € {0,1} be a constant
t
[wot]
such that ) = 1 if bus j € V7, and ) = 0
otherwise. Also, let

Ve m| = [VO o] [ Vi),

atbus j:  0Cm) (1) = 08 (1) — 90 (),
at bus k : G(em)(t) = e(lk)(t) _ g(lj)(t).
Setting ¢, = 0 and e = 0 in (15) and (16), the

LCL filter, PLL, network and generic element models
can be reduced to a nonlinear system of power balance
equations.

Assumption A.2. The jacobian of the nonlinear system
of power balance equations is invertible in the domain
of interest.



APPENDIX B
THE pROM1

Based on Assumptions IV.1-IV.3, the explicit ODEs
that constitute ©ROm1 are given as follows:

At each bus j € V7,

QRE) & + Vlg)(i)K;'W) drd[u(”(t)](t) —_ 16 ) + 2R((J o) Pi )
s; S5 - al 5 S )
woVSP KL dt alat (1)) VDK E(s,)(t)‘
2R + VEYKE) Wstowy® _ Loy (o 2R Q)
) 7o G7) d[al) (1)) G oG (R s m |
UJOVDC Kj'y dt VIJC KM E(*’)(t)‘

Let E(j) represent the set of edges incident to
node j such that e, € E(j) if and only if the
edge en, is incident to node j. The power balance
equations at bus j € V are given by:

ﬁ(.i)vgé) (K;:ﬂ E(Sy)(t)

(2R(<)°.f> +

E(s])(t)‘z + DG

(55)
Taw o

(t) + Kp7 P“J)
0=-

VEIRE)

2
D)
_ ﬂ(j>‘§(s,>(t)|)7<zj>(t)| (G(sn cos (01 (2) - 60 (1))
+89 BO9) sin (89 (¢) - 9<’J>(t))) ,
BV (K (B[ il 0+ K706

(o + VSR

ﬁ(s,)(t)r — B9 BE) ﬁ(sﬂ(t)""
E’(sj)(t)Hvuj)(t” (G(SJ) sin (é(m(t) _ o(zj>(t))
8B cos (91 (t) - gu,)(t))) 7

+ 8D GG

0=—

_ B9 6

_ ﬁ(j)

2 .
0= VO @) P+ VO @ A 4806

v )|
VOB (G("‘f) cos (60 () — 0 (1))

+B<SJ)sin<9(lﬂ(t)79(51)(75)))+‘7“J')(t) 3 gl

_ ﬂ(])

em€E(3)
-3 |V<ﬂm>(t)|<G<em>cos(9<ﬂm>(t))+B(Em>sm(9<w(t))),
em€E(F)
Quf (17(’) ‘Q“ )+|7“ 3 (t ‘ QY — (t)‘z

) ‘7“”(t)HE“”(t)| (G(SJ sin (00)(t) - 0 (1))
_BG) cos (0(1 (t) — 9(% )> )v(l )(t)| Z Blem)

em€E())

’7<Cm) ’ (G(em) sin (6’(Em)( )) —Bm) cos (G(em)(t))> J

em €E(j)
where e
Glss) = By L, B = ¢
~(s5) 1 (s;) p(s5)
(#) +(z7) ()
_ (s5) _ o)
G(SJ) — R—J B(SJ) = -4
)y B Gy
(em) — R(Em) (em) =
G (R(em>)2+(L<em>)2’ and B

_r(em)
(R<em))2+(uem>)2‘
power measurements, P]Esj )(t) and Q;Sj)(t), can be
described by:

The filtered real and reactive

1 dP ()

*J)(t)JrE s5) (t>I(SJ>

w§31> dt - qlwot] qlwot] () +E s:w)»t]( )Ia(l[sw‘,z]( )s
(s5)
w;s]) e U — Q) + 01540 - By 01,0,
with wcsj) denoting the filter cut-off frequency.
APPENDIX C
THE pROM?2

Based on Assumptions V.1-V.3, the explicit ODEs that
constitute ©ROm?2 are given as follows:

Let E(j) represent the set of edges incident to node
j such that e,,, € E(j) if and only if the edge e, is
incident to node j. At each bus j € V,

f:)“’f)(zt)‘2 ﬁ(sf)(t)‘z

_ 6<;‘>‘§(s,>(t)|‘7(zj>(t)‘ (G@j) cos (01 (2) — 64 (1))

+89BC sin (69 (1) - e“J>(t))> :

_ g9 @u)
_p0[R

_ gD PED 4 g G 4 BDGE)

7ﬁ(]‘)3(5j)

B(Sj) o ‘2 ,ﬂ(’)B(SJ) E(SJ)(t)‘Z
(s] HV(Z;)(t)‘ ( G©9) sin (0(37)(1‘,) —0””(@)
,ﬁ(j)B(sﬂ o (é(sj)(t) _ 9(li>(t))> 7

0= P(m +‘vu])(t)|P](lj>

2 ) ]
Pz(l]) + B(J)G(S])

v”ﬂ(t))2
uJ)(t)Hﬁw(t)‘( G con (0 1) - 6 1))
+BC sin (19)(¢) - é“%t))) + )7”1)(0‘2

em€E(j)

’V“‘m)(t)‘ <G(e"") cos (H(EW')(t)) + Bm) sin (0(8’")@))) d

ﬂ(])

Glem)

em€E())

0= @2 +|[¥W )| @ +[FW (o) @ - s B
_ 5<j)‘7<1 HE 5 ‘ ( 69 sin (9<t - g(sﬂ(t))
B cos (64 (1) — 00 )) |\7><z >(t)’ B

em €B(j)
- 3, |7(e,,¢>(t)‘ <G<em)sin (0 ) —B e (9@”)(0)).
em€E()
where
- o ® (s4)
G = RO 7 B(si) = 0—127
(Rés >> +( (ﬁ_)) <C(s DR )) -
c
(sj) o
Qi) = R p(sj) — =L
(R<sj))2+(L(sj))2’ (R(Sj))2+(L(sj>)27
(em) e R(em) (en) _
@ (RCem) )24 (Llem))?? and Ble¢m

_r(em)

(R<em))2+(L<em>)2

The filtered real and reactive



power measurements, P]Esj )(t) and Q(fsj )(t), can be [13] P.W. Sauer and A. Pai. Power System Dynamics

described by: and Stability. Stipes Publishing L.L.C., 2006.
. dPJE‘”)(t) o o o o [14] J. Schiffer, D. Zonetti, R. Ortega, A. M. Stankovic,
o = PO+ By (OIy (0) + Bl (I 0), T. Sezi, and J. Raisch. Modeling of microgrids -
w‘1 Q' (1) from fundamental physics to phasors and voltage
o fdt = QP W) + B ()15 (8 — S (0150)(0), sources. CoRR, abs/1505.00136, May 2015.
we [15] A. Yazdani and R. Iravani. Voltage-Sourced Con-
with wcsj) denoting the filter cut-off frequency. verters in Power Systems. Wiley, Jan. 2010.
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