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Abstract

In this paper, we consider the problem of designing a distributed algorithm, resilient against communication delays and packet
drops, for coordinating the response of distributed energy resources (DERs) in AC microgrids so as to minimize electrical line
losses and generation cost, and to ensure that the microgrid network constraints are satisfied. The proposed algorithm can be
utilized as a secondary or tertiary controller for frequency regulation in islanded microgrids, or to coordinate DERs for providing
frequency regulation services to the bulk grid when microgrid is in grid-connected mode. We validate the practical usefulness of
the theoretical results through numerical simulations involving the IEEE 39–bus system.
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1. Introduction

It is envisioned that future electric power distribution sys-
tems will consist of several interconnected microgrids that op-
erate in either grid-connected mode or islanded mode [1–5].
The electrical boundaries of such microgrids need to be pre-
cisely defined in order to ensure that each of them can act as
a separate controllable entity with respect to the bulk grid [5].
In grid-connected mode, microgrids can optimize its operation
costs by providing different types of services (e.g., frequency
regulation services) to the bulk grid [1]. In islanded mode, mi-
crogrids only supply electrical power to loads using the DERs
within their footprints [2]. In this paper, we focus on controlling
the DERs within a microgrid when the microgrid is operating
in islanded mode, and the electrical network is lossy; however,
the proposed frameworks and controllers are applicable to grid-
connected microgrids. To this end, we propose a distributed
algorithm that is resilient against packet drops in the communi-
cation channels of the cyber network over which this algorithm
is executed.

To address the problem of coordinating DERs in grid-
connected and islanded microgrids under communication de-
lays, several energy management frameworks and distributed
control strategies have been recently proposed. However, most
works (see, e.g., [6–19]), which take communication delays
into account, neglect the network constraints, i.e., constraints
on the power flow along the electrical lines, and only focus
on the satisfaction of the total power demand. Although some
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works (see, e.g., [8, 10]) take the network constraints into con-
sideration, they neglect the line losses. Therefore, under the
existing control strategies, either the security constraints may
be violated, or the system performance may not necessarily be
optimal when the line losses are substantial.

In this work, we leverage multi-agent optimization tech-
niques also applied in [7, 19] for solving the economic dispatch
problem. The authors in [7] use the so-called ratio-consensus
algorithm to determine the optimal power outputs of DERs,
which minimize a quadratic cost function and satisfy the DER
capacity constraints. To solve a similar problem, the authors
in [19] use the so-called subgradient-push algorithm proposed
in [20] to design an algorithm robust against communication
delays and packet drops.

To compute the optimal set-points, we consider the network
losses as our objective function, and formulate the problem of
coordinating DERs for minimizing the losses and meeting the
power demand while respecting the network constraints (we re-
fer to this problem as DOD1). To solve this problem in a dis-
tributed way, we follow a three-step procedure. In the first step,
we transform the constrained optimization problem DOD1 into
an unconstrained optimization problem (we call it DOD3) by
adding some penalty terms to the objective function in DOD1.
We then show that these penalty functions are exact, i.e., DOD3
is equivalent to DOD1. In the second step, we propose a dis-
tributed algorithm for solving DOD3, and prove that the pro-
posed algorithm is robust to communication delays and packet
drops. Finally, to improve the convergence speed of the pro-
posed distributed algorithm, we develop an adaptive stepsize
selection strategy utilized by the algorithm.

2. Preliminaries

In this section, we present the microgrid model adopted in
this work, and formulate the control objectives to be achieved.
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2.1. Physical Layer

Consider a collection of DERs and loads interconnected by
a lossy power network. The topology of this network can be
described by an undirected graph, G = (V , E), with V = V (G) ∪
V (L), where V (G) = {1, . . . ,m} denotes the set of nodes with a
DER, and V (L) = {m + 1, . . . , n} denotes the set of nodes with a
load; and where E ⊆ V ×V , with {i, j} ∈ E if nodes i and j are
electrically connected. Let Ni denote the set of neighbors of a
node i, i.e., Ni = { j ∈ V : {i, j} ∈ E}.

Define a one-to-one map, I : E → R, such that every e in
the set {1, 2, . . . , `} is arbitrarily assigned to exactly one edge
{l, j} ∈ E , i.e., I({l, j}) = e. We also arbitrarily assign an ori-
entation to each edge in E , and denote by (l, j) the edge oriented
from l to j, i.e., (l, j) is incident to j. Let ~E denote the set of ori-
ented edges that result from this arbitrarily chosen orientation
(note that |~E| = |E| C `). Let N +

i and N−i respectively de-
note the sets of out-neighbors and in-neighbors of node i, i.e.,
N +

i = { j ∈ V : (i, j) ∈ ~E} and N−i = { j ∈ V : ( j, i) ∈ ~E}. Let
δ denote the diameter of graph G, which is the largest distance
between any pair of vertices.

Assuming balanced three-phase operation, let θi(t) and Vi(t)
denote the phase angle and magnitude of the instantaneous
voltage of a single phase at node i ∈ V in a rotating coor-
dinate frame with rotational frequency ω∗, and define θ(t) =

[θ1(t), . . . , θn(t)]> and V(t) = [V1(t), . . . ,Vn(t)]>. Then, the net
active power, Pi, injected into the network via node i ∈ V is
given by

Pi(t) =
∑
j∈V

Vi(t)V j(t)
[
Gi j cos(θi(t)− θ j(t))

+ Bi j sin(θi(t)− θ j(t))
]
, (1)

with Gii = −∑
j∈V Gi j, Bii = −∑

j∈V Bi j, Gi j = −gi j and
Bi j = −bi j, where gi j > 0 and bi j < 0 are, respectively, the
series conductance and series susceptance of the line connect-
ing nodes i and j.

Here, we assume that voltage magnitudes are fixed at all
buses, which is a standard assumption to make for solving
the security-constrained economic dispatch problem [21]; thus,
Vi(t) = V0

i , where V0
i is some nominal voltage at node i. For

brevity, we also drop the time t argument from the functions
that depend on it.

To quantify line power loss, we assume that there is a certain
gain associated with each line, which determines the fraction of
active power sent from one end of the line, which reaches the
other end; this model was used in the context of the generalized
network flow problem (see, e.g., [22]), and more recently in the
context of power system applications [23]. More formally, let
φi j denote the active power flowing along line (i, j) ∈ ~E , which
is given by

φi j B (V0
i )2gi j+V0

i V0
j Gi j cos(θi−θ j)+V0

i V0
j Bi j sin(θi−θ j). (2)

Also, define

φ ji B (V0
j )2gi j+V0

i V0
j Gi j cos(θ j−θi)+V0

i V0
j Bi j sin(θ j−θi). (3)

When phase angles satisfy |θi − θ j| < − tan−1(Bi j/Gi j) (which
typically holds in practice), φi j and φ ji are related through a
scalar monotonically decreasing convex function gi j(·) as fol-
lows [23]:

φ ji = gi j(φi j), (i, j) ∈ ~E . (4)

Let θ0 denote a solution of the power flow equations in (1) for
the current values of active power injections denoted by P0. We
partially linearize the model in (1) and (3) such that φi j and φ ji

are related linearly around the operating point θ0 as follows:

φ ji = −αi jφi j, (i, j) ∈ ~E , (5)

with αi j B −φ0
ji/φ

0
i j, where the active power flow φ0

i j along line

(i, j) ∈ ~E corresponds to (θ0,V0). It is assumed that αi j ≤ 1,
which is the case if the active power flowing from node i to
j is positive. In the network flow literature (see, e.g., [22]),
αi j is referred to as the gain of line (i, j) ∈ ~E , and determines
the fraction of active power sent from node i, which reaches
node j. Note that if αi j = 1, ∀(i, j) ∈ ~E , then, the microgrid
network is lossless. We use αi j to define a weighted node-to-
edge incidence matrix, M ∈ Rn×`, as follows. For each e =

I({i, j}), Mie = 1 and M je = −αi j, if (i, j) ∈ ~E , and Mie =

0 and M je = 0, if {i, j} < E . Then, P = Mφ, where φ =

[{φi j}(i, j)∈ ~E ]>.
We also define the generation loss factor between nodes i and

j given by βi j = ∆P j/∆Pi, where ∆Pi is the required amount of
change in generation at node i to satisfy the load change at node
j, ∆P j, provided that injections at all other nodes are fixed. In
the remainder, we use a lower bound for βi j given by αδ, where
α B min(i, j)∈ ~E αi j, which can be derived using the fact that βi j

depends on the gains of the lines connecting i and j. Define the
minimum generation loss factor given by

β B min
i, j∈V

βi j ≥ αδ. (6)

2.2. Security-Constrained Economic Dispatch

In this paper, our goal is to design a distributed algorithm,
robust to communication delays, that solves the following opti-
mization problem for coordinating DERs:

DOD1 : min
P∈Rn,φ∈R`

f (P) (7)

subject to P = Mφ, (8)

P ≤ P ≤ P, (9)

φ ≤ φ ≤ φ, (10)

with f (P) B
∑

i∈V (G) fi(Pi), where fi(·) is a non-negative con-
vex cost function, P = [P1, . . . , Pn]>, P = [P1, . . . , Pn]>,
φ = [{φ

i j
}(i, j)∈ ~E ]>, φ = [{φi j}(i, j)∈ ~E ]>, Pi and Pi are the up-

per and lower capacity limits for DER i active power output,
Pi, i ∈ V (G), Pl = Pl, l ∈ V (L), φi j and φ

i j
are the upper and

lower bounds for power flow along line (i, j) ∈ ~E , prescribed by
the thermal limit considerations. Here, (8) represents the power
balance constraint, whereas the box constraints in (10) capture
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the thermal limit constraints on the electrical lines. We note that
since the total active power generation

∑
i∈V (G) Pi is equal to the

total line losses plus the load demand; thus, by minimizing the
power generation cost, we also optimize the losses.

We assume that f (·) is Lipschitz on every compact set, in
particular, | f (x) − f (y)| ≤ L‖x − y‖2, with some constant L,
∀x, y ∈ B B {P ∈ Rn : Pi ≤ Pi ≤ Pi, i ∈ V}. Finally,
d(z) is a subgradient of f (x) evaluated at x = z ∈ Rn, when the
following relation holds: f (x) ≥ f (z) + d(z)>(x− z).

2.3. Cyber Layer

The implementation of the distributed algorithms for solving
DOD1 will rely on a time-varying bidirectional communication
network described by a directed graph, G(c)

k = (V , E (c)
k ), where

(i, j) ∈ E (c)
k if node j receives information from node i during

the sampling period (tk, tk+1). Here, we assume that both nodes
i and j are able to transmit information to each other, but the
information exchange does not necessarily happen simultane-
ously within the same sampling period, i.e., even if (i, j) ∈ E (c)

k ,
( j, i) ∈ E (c)

k may not hold. We also let (i, j) ∈ ⋃k+B
l=k+1 E (c)

l , ∀k,
if {i, j} ∈ E , which is equivalent to having node j receive in-
formation from node i at least once every B iterations, where
B is some bounded constant; this connectivity assumption is
standard in the literature [24].

3. Distributed Optimal Dispatch Over Time-Varying Com-
munication Networks

In this section, we present a distributed algorithm for solv-
ing DOD1, which is robust to communication delays. This al-
gorithm is designed after transforming the constrained DOD1
into an unconstrained optimization problem by using the exact
penalty approach.

3.1. Exact Penalty Approach

Here, we add penalty terms to the cost in DOD1 capturing vi-
olations in the constraints of DOD1. We show that these penalty
functions are exact, i.e., the unconstrained optimization prob-
lem, resulting from replacing all constraints in DOD1 with the
penalty functions, is equivalent to DOD1. Define

bi(Pi, φ) B Pi −
∑

j∈N +
i

φi j +
∑

l∈N−
i

αliφli, (11)

which we refer to as the flow balance of node i; by defin-
ing b(P, φ) = [b1(P1, φ), b2(P2, φ), . . . , bn(Pn, φ)]>, (11) can be
written in vector form as b(P, φ) = P − Mφ. Consider an opti-
mization program obtained from DOD1 by replacing the equal-
ity constraint in (8) with a non-smooth penalty term of the form
γ‖b(P, φ)‖1 = γ

∑
i∈V |bi(Pi, φ)|, where γ > 0; this results in

DOD2 : min
P∈Rn,φ∈R`

f (P) + γ‖b(P, φ)‖1 (12)

subject to P ≤ P ≤ P, (13)

φ ≤ φ ≤ φ. (14)

The next proposition shows that this penalty function is exact
for sufficiently large γ, i.e., DOD2 is equivalent to DOD1.

Proposition 1. Let γ > L/β, where L is a Lipschitz constant,
and β is given in (6). Then, (P∗, φ∗) is a minimum of DOD1 if
it is a minimum of DOD2.

Proof. Assuming that (P∗, φ∗) is a minimum of DOD2, we
need to show that it is a minimum of DOD1. Let X1 and X2
denote the constraint sets of DOD1 and DOD2, i.e.,

X1 = {(P, φ) ∈ Rn ×R` : (P, φ) satisfies (8) – (10)},
X2 = {(P, φ) ∈ Rn ×R` : (P, φ) satisfies (13) – (14)}.

First, note that X1 ⊂ X2. Let x̂ B (P̂, φ̂) denote the projection
of x B (P, φ) ∈ X2 onto X1. We first show that, for any (P, φ) ∈
X2, ‖P − P̂‖1 ≤ ‖b(P, φ)‖1/β. Note that b(P, φ) can be viewed
as a load change balanced with the change in generation, P̂−P.
Since bi(P, φ)’s can be of different signs, the total load change
is not greater than ‖b(P, φ)‖1. It follows from the definition of
βi j and the fact that βi j ≥ β that the total change in generation
is not greater than ‖b(P, φ)‖1/β. Then, for any x < X1,

f (P) + γ‖b(P, φ)‖1 ≥ f (P) + γβ‖P− P̂‖2 = f (P̂) + f (P)

− f (P̂) + γβ‖P− P̂‖2 > f (P̂) + f (P)

− f (P̂) + L‖P− P̂‖2 > f (P̂),

where, to arrive at the last inequality, we used the fact that
γ > L/β, and also the fact that f (·) is Lipschitz continuous
over B with constant L. Because b(P̂, φ̂) = 0, f (P̂) is the DOD2
cost at (P̂, φ̂), which is lower than that at (P, φ). Then, it follows
that a minimum of DOD2 belongs to X1 and satisfies the bal-
ance constraints in (8). Therefore, if (P∗, φ∗) is a minimum of
DOD2, then, it is also a minimum of DOD1.

Now, we formulate an unconstrained optimization problem,
referred to as DOD3, which is equivalent to DOD2. To this end,
we augment the cost of DOD2 with additional penalty terms for
violating the box constraints in (13) – (14); this results in

DOD3 : min
P∈Rn,φ∈R`

f (P) + γ‖b(P, φ)‖1 + µ
∑
i∈V

(
[Pi − Pi]+

+ [Pi − Pi]+
)

+ λ
∑

(i, j)∈ ~E

(
[φi j − φi j]

+ + [φ
i j
− φi j]+

)
,

where [x]+ = max(x, 0), µ and λ are positive constants. If µ and
λ are large enough, the penalty functions in DOD3 are exact as
established next.

Proposition 2. Define Bi B {x ∈ R : Pi − νi ≤ x ≤ Pi + νi},
i ∈ V (G), for some νi > 0, so that

fi(Pi + νi) > f (P), fi(Pi − νi) > f (P), ∀i ∈ V (G). (15)

Let fi(·) be Lipschitz on Bi with constant Lν, ∀i ∈ V (G), that is,
| fi(x) − fi(y)| ≤ Lν|x − y|, ∀i ∈ V (G), x, y ∈ Bi. Let γ > L/β,
λ > γ, and µ > γ + Lν. Then, (P∗, φ∗) is a minimum of DOD1
if it is a minimum of DOD3.
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Proof. Since, by Proposition 1, DOD1 is equivalent to DOD2,
it is enough to show that DOD2 is equivalent to DOD3. Thus,
assuming that (P∗, φ∗) is a minimum of DOD3, we need to
show that it is a minimum of DOD2. We recall that X2 denotes
the constraint set of DOD2, i.e.,

X2 = {(P, φ) ∈ Rn ×R` : (P, φ) satisfies (13) – (14)},

and let (P̂, φ̂) denote the projection of (P∗, φ∗) onto X2. For
brevity, define x∗ = (P∗, φ∗) and x̂ = (P̂, φ̂). Since ‖b(x)‖1 B
‖b(P, φ)‖1 is convex,

‖b(x∗)‖1 ≥ ‖b(x̂)‖1 + d(x̂)>(x∗ − x̂), (16)

where d(x̂) is a subgradient of ‖b(x)‖1 at x = x̂. Since
‖d(x)‖∞ ≤ 1, ∀x, it follows from (16) that

‖b(x̂)‖1 − ‖b(x∗)‖1 ≤ d(x̂)>(x̂− x∗) ≤ ‖x̂− x∗‖1

=
∑
i∈V

(
[P∗i − Pi]+ + [Pi − P∗i ]+

)
+

∑
(i, j)∈ ~E

(
[φ∗i j − φi j]

+ + [φ
i j
− φ∗i j]

+
)
.

We recall that DOD3 is unconstrained and (P∗, φ∗) is a mini-
mum of DOD3. Then, if (P∗, φ∗) satisfies the box constraints
of DOD2 in (13) – (14), then, (P∗, φ∗) is a minimum of DOD2
because the costs of DOD2 and DOD3 are equal at any point
of the constraint set of DOD2. By assuming that (P∗, φ∗) does
not satisfy the box constraints of DOD2 in (13) – (14), one can
show the existence of (P̂, φ̂) that yields a smaller cost, which
contradicts the fact that (P∗, φ∗) is a minimum of DOD3.

3.2. Resilient Distributed Optimal Dispatch
Previously, we introduced the unconstrained optimization

problem DOD3, which is equivalent to the original problem
DOD1. Next, we solve DOD3 using a distributed algorithm,
which is robust to communication delays. Let

Fi(P, φ) B fi(Pi) + γ|bi(Pi, φ)| + µ([Pi − Pi]+ + [Pi − Pi]+)

+ λ
∑

j∈N +
i

(
[φi j − φi j]

+ + [φ
i j
− φi j]+)

+ λ
∑

j∈N−
i

(
[φ ji − φ ji]

+ + [φ
ji
− φ ji]+)

denote the local cost function at node i ∈ V , where fl(Pl) ≡ 0
for any load l ∈ V (L). Then, by Proposition 2, clearly,

DOD : min
P∈Rn,φ∈R`

n∑
i=1

Fi(P, φ), (17)

is equivalent to DOD3. DOD can be viewed as an uncon-
strained multi-agent optimization problem that can be effec-
tively solved using the following algorithm (see, e.g., [24]):

x(i)[k + 1] =

n∑
j=1

ai
j[k]x( j)[k]− s[k]di[k], (18)

where x(i)[k] ∈ Rm` is an estimate of a minimum of DOD,
(P∗, φ∗), maintained at node i, di[k] is a subgradient of the cost
function Fi(P, φ) evaluated at x(i)[k], ai[k] = [ai

1[k], . . . , ai
m[k]]>

is a vector of some weights, and s[k] is a stepsize. Later,
we propose a strategy for tuning the stepsize adaptively based
on the maximum flow imbalance of the network, namely,
max
i∈V
|bi(Pi, φ)|. As demonstrated in the numerical simulations,

such adaptive stepsize allows to significantly improve conver-
gence speed.

It is worth to note that, in order to solve DOD, each node
does not have to estimate all entries of (P∗, φ∗), but rather those
components of (P∗, φ∗) that affect its local cost, that is, node
i only needs to estimate P∗i , φ∗i j, (i, j) ∈ ~E , and φ∗li, (l, i) ∈ ~E .

In this case, φ∗i j, (i, j) ∈ ~E , is estimated only by nodes i and j.
Then, the algorithm in (18) can be simplified so that each node
i executes the following iterations:

Pi[k + 1] = Pi[k]− s[k]g(i)
i [k], (19)

φ(i)
i j [k + 1] = a(i)

i j [k]φ(i)
i j [k] + a( j)

i j [k]φ( j)
i j [k]− s[k]g(i)

i j [k], (20)

φ(i)
li [k + 1] = a(i)

il [k]φ(i)
li [k] + a(l)

il [k]φ(l)
li [k]− s[k]g(i)

li [k], (21)

where Pi[k], φ(i)
i j [k], (i, j) ∈ ~E , and φ(i)

li [k], (l, i) ∈ ~E , are the
estimates of P∗i , φ∗i j, and φ∗li, respectively, maintained at node i,

a(q)
pq [k] =

{
1/2 if (q, p) ∈ E (c)

k ,
0 else,

a(p)
pq [k] = 1− a(q)

pq [k], ∀{p, q} ∈ E , g(i)
i , g(i)

i j , and g(i)
li are the sub-

gradients of Fi(P, φ) with respect to Pi, φi j and φli, respectively,
given by the following expressions:

g(i)
i [k] = ∇ f (Pi[k]) + γ sgn(bi[k]) + µ

[
η(Pi[k], Pi)

− η(Pi, Pi[k])
]
,

g(i)
i j [k] = −γ sgn(bi[k]) + λ

[
η(φ(i)

i j [k], φi j)− η(φ
i j
, φ(i)

i j [k])
]
,

g(i)
li [k] = αliγ sgn(bi[k]) + λ

[
η(φ(i)

li [k], φli)− η(φ
li
, φ(i)

li [k])
]
,

where η(x, y) = sgn
(
[x − y]+

)
, sgn(x) B x/|x|, if x , 0, and 0,

otherwise, and bi[k] B Pi[k]−∑
(i, j)∈ ~E φ

(i)
i j [k]+

∑
(l,i)∈ ~E αliφ

(i)
li [k].

Besides implementing a subgradient method, when a( j)
i j = 1/2,

(20) performs averaging of the flow estimates φ(i)
i j [k] and φ( j)

i j [k]
to ensure that both estimates converge to the same value, φ∗i j.

Alternatively, instead of using the penalty γ|bi(Pi, φ)| in
Fi(P, φ), we can use γ[bi(Pi, φ)]−, where [x]− B −min(x, 0),
which, as we observed in the numerical simulations, allows to
achieve a faster convergence to the optimal set-points. To ex-
plain this, we note that penalizing the flow balances ensures that
the set-points meet the power demand and respect the power
balance constraints. The penalty γ|bi(Pi, φ)| prioritizes imme-
diate satisfaction of the power balance constraints, rather than
minimization of the generation cost (although generation cost is
also minimized asymptotically as shown in Proposition 2). In
contrast, the penalty γ[bi(Pi, φ)]− penalizes the power balance
constraints only if bi(Pi, φ) < 0, and when bi(Pi, φ) > 0, the
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priority falls on the generation cost minimization.
Before we prove that using the penalty γ[bi(Pi, φ)]−, instead

of γ|bi(Pi, φ)|, in Fi(P, φ) allows to obtain a minimum of DOD,
we make the following assumption:

Assumption 1. We assume that (a)
∑

i∈V
Pi < 0; and (b)

∑
i∈V1

Pi−∑
{i, j}∈E1

φi j < 0, for any connected subgraph with the set of

nodes V1, where E1 B {{i, j} ∈ E : i ∈ V1, j ∈ V \ V1}.

Proposition 3. (P∗, φ∗) is a minimum of DOD if (P∗, φ∗) is a
minimum of DOD′ given below:

DOD′ : min
P∈Rn,φ∈R`

n∑
i=1

hi(P, φ), (22)

where

hi(P, φ) B fi(Pi) + γ[bi(Pi, φ)]− + µ([Pi − Pi]+ + [Pi − Pi]+)

+ λ
∑

j∈N−
i

(
[φi j − φi j]

+ + [φ
i j
− φi j]+)

+ λ
∑

j∈N +
i

(
[φ ji − φ ji]

+ + [φ
ji
− φ ji]+). (23)

Proof. We first show that if there is an i such that bi(P∗i , φ
∗) >

0, then, there is (P(1), φ(1)) such that

n∑
i=1

hi(P(1), φ(1)) <
n∑

i=1

hi(P∗, φ∗), (24)

which will contradict the fact that (P∗, φ∗) is a minimum of
DOD′. Choose a maximal connected subgraph S = (VS , ES )
such that every node i has bi(P∗i , φ

∗) > 0. If there exists a node
i in S such that P∗i > Pi, then, choosing P(1)

i = P∗i − ε ≥ Pi

with strictly positive ε ∈ (0, bi(P∗i , φ
∗)], P(1)

j = P∗j , ∀ j , i,
and φ(1) = φ∗ yields (24). Therefore, P∗i = Pi, ∀i ∈ VS . If S
contains all n nodes of G, then, since φ∗i j + φ∗ji > 0, we have that

0 <
∑

i∈VS

bi(P∗i , φ
∗) =

∑
i∈VS

(Pi −
∑
j∈Ni

φ∗i j) ≤
∑

i∈VS

Pi, (25)

which contradicts Assumption 1(a). Thus, S does not contain
all n nodes of G. Denote U B {{i, j} ∈ E : i ∈ VS , j ∈ V\VS },
andW B {{i, j} ∈ U : φ∗i j < φi j}. For each {i, j} ∈ W , choose
the largest εi j > 0 such that φ∗i j + εi j ≤ φi j and bi(P

(1)
i , φ(1)) ≥ 0,

where P(1) = P∗, φ(1)
i j = φ∗i j + εi j, {i, j} ∈ W , and φ(1)

ab = φ∗ab,
{a, b} < W . If there exists {i, j} ∈ W such that b j(P∗j , φ

∗) <
0, (24) follows from the fact that b j(P

(1)
j , φ

(1)) > b j(P∗j , φ
∗).

Therefore, for all {i, j} ∈ W , we have that b j(P∗j , φ
∗) = 0 and

b j(P
(1)
j , φ

(1)) > 0. If we redefine all variables including S, U ,
W and repeat the above analysis for (P(1), φ(1)), we arrive at
the conclusion that either S contains all n nodes of G, which
was shown to contradict Assumption 1(a), or φ∗i j = φi j for all
{i, j} ∈ U . Now, we show that the latter statement contradicts
Assumption 1(b). Indeed, by using the fact that φ∗i j + φ∗ji > 0,

we have that

0 <
∑

i∈VS

bi(P∗i , φ
∗) =

∑
i∈VS

(Pi −
∑
j∈Ni

φ∗i j) ≤
∑

i∈VS

Pi −
∑
{i, j}∈U

φi j),

which contradicts Assumption 1(b). Therefore, bi(P∗i , φ
∗) ≤ 0,

∀i. Suppose (P∗, φ∗) is not a minimum of DOD, and let (P0, φ0)
denote a minimum of DOD. Then, there is an i such that
bi(P∗i , φ

∗) < 0. By using the same reasoning as in the proof
of Proposition 2, it follows that P0 ∈ B. Since γ > L/β, P0

and P∗ ∈ B, and f (P) is Lipschitz continuous over B with
constant L, we have that f (P0) − f (P∗) < γβ‖P0 − P∗‖2 ≤
γ‖b(P∗, φ∗)‖1 = γ

n∑
i=1

[bi(P∗i , φ
∗)]−, and, hence,

n∑
i=1

hi(P0, φ0) <
n∑

i=1
hi(P∗, φ∗), which contradicts the fact that (P∗, φ∗) is a mini-

mum of DOD′.

To solve DOD′, each node i executes the following iterations:

Pi[k + 1] = Pi[k]− s[k]d(i)
i [k], (26)

φ(i)
i j [k + 1] = a(i)

i j [k]φ(i)
i j [k] + a( j)

i j [k]φ( j)
i j [k]− s[k]d(i)

i j [k], (27)

φ(i)
li [k + 1] = a(i)

il [k]φ(i)
li [k] + a(l)

il [k]φ(l)
li [k]− s[k]d(i)

li [k], (28)

where d(i)
i , d(i)

i j , and d(i)
li are the subgradients of hi(P, φ) with re-

spect to Pi, φi j, (i, j) ∈ ~E , and φli, (l, i) ∈ ~E , respectively.
If the communication network is not time-varying, i.e.,

neighbors communicate at each iteration bidirectionally, then,
the proposed algorithms in (19) – (21) and (26) – (28)
can be written as x[k + 1] = x[k] − s[k]g[k], where
x[k] B [P[k]>, φ[k]>]>, g[k] is the subgradient of F[k] B
n∑

i=1
Fi(P[k], φ[k]) evaluated at x[k]. Then, by using a basic anal-

ysis, one can show that

F[k] − F∗ ≤
(
‖x[1]− x∗‖2

2 + C2
k∑

i=1

s2[i]
)
/
(
2

k∑
i=1

s[i]
)
, (29)

where C ≥ ‖g[k]‖2, ∀k. If
∞∑
i=1

s2[i] < ∞ and
k∑

i=1
s[i] → ∞

as k → ∞, it follows from (29) that the time it takes for the
objective to be within ε of its optimal value scales linearly with
the number of nodes in the network.

3.3. Asynchronous Information Exchange

The convergence analysis tools in [24, Proposition 3] can be
leveraged to show that both algorithms in (19) – (21) and (26) –
(28) converge to a minimum of DOD, if

∑∞
k=1 s2[k] < ∞ and∑∞

k=1 s[k] = +∞. However, the proof of [24, Proposition 3]
builds on the assumption that neighboring nodes exchange in-
formation at the same time. To overcome this limitation, we
utilize a scheme in [25] that allows iterations in (19) – (21) and
(26) – (28) to converge to the minimum of DOD without assum-
ing simultaneous information exchange. The main idea behind
this scheme is to let neighboring nodes perform averaging in
alternating fashion, in which node i performs averaging of its
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estimate with the estimate of node j, and before it performs an-
other averaging with node j, it waits for node j to perform aver-
aging. More formally, in the scheme, for each {i, j} ∈ E , node i
maintains ν(i)

i j [k] and ν(i)
ji [k], and additional variables µ(i)

i j [k] and

µ
( j)
ji [k] if ( j, i) ∈ ~E , and updates them as follows:

ν(i)
ji [k] =

 ν
( j)
ji [k] if ( j, i) ∈ E (c)

k ,

ν(i)
ji [k − 1] otherwise,

(30)

ν(i)
i j [k] =

 ν(i)
i j [k − 1] if ν(i)

ji [k] = ν(i)
ji [k − 1],

1− ν(i)
i j [k − 1] otherwise,

(31)

and, if ( j, i) ∈ ~E ,

µ(i)
i j [k] =

 µ(i)
i j [k − 1] if ν(i)

ji [k] = ν(i)
ji [k − 1],

φ(i)
ji [k] otherwise,

(32)

µ
( j)
ji [k] =

 µ
( j)
ji [k − 1] if ν(i)

ji [k] = ν(i)
ji [k − 1],

φ
( j)
ji [k] otherwise.

(33)

If ( j, i) ∈ ~E , then, ν(i)
i j [k], µ(i)

i j [k] and µ( j)
ji [k] comprise the infor-

mation sent by node i to node j during time interval (tk, tk+1).
If (i, j) ∈ ~E , ν(i)

i j [k] and zi j[k] are sent by node i to node j. As-

suming (i, j) ∈ ~E , the initial values of ν(i)
i j [k], ν(i)

ji [k], ν( j)
ji [k],

and ν
( j)
i j [k] are set to ν(i)

i j [0] = 1, ν(i)
ji [0] = 0, ν( j)

ji [0] = 0, and

ν
( j)
i j [0] = 0. Also, node j initializes µ(i)

i j [0] and µ( j)
ji [0] to zero.

The reason for initializing ν(i)
i j [0] = 1 and other variables to zero

is that, for every (i, j) ∈ ~E , i is chosen to be the node that initi-
ates the scheme execution at k = 0. The algorithm in (26) – (28)
is redefined as follows:

Pi[k + 1] = Pi[k]− s[k]d(i)
i [k], (34)

φ(i)
i j [k + 1] = a(i)

i j [k]µ(i)
i j [k] + a( j)

i j [k]µ( j)
ji [k] + φ(i)

i j [k]− µ(i)
i j [k]

− s[k]d(i)
i j [k], ∀(i, j) ∈ ~E , (35)

φ(i)
li [k + 1] = a(i)

il [k]φ(i)
li [k] + a(l)

il [k]φ(l)
li [k]− s[k]d(i)

li [k], ∀(l, i) ∈ ~E ,
(36)

where, ∀{p, q} ∈ E , a(p)
pq [k] = 1− a(q)

pq [k], and

a(q)
pq [k] =

{
1/2 if (q, p) ∈ E (c)

k , ν
(p)
qp [k] , ν(p)

qp [k − 1],
0 else.

(37)

The scheme (30) – (33) allows flow averaging between
neighboring nodes to happen in alternating fashion. In par-
ticular, ν(i)

i j [k] acts as an acknowledgement flag sent by node
i to node j to indicate that information from node j has been
received and used to perform flow averaging in (35). Node i
initiates information exchange if (i, j) ∈ ~E by sending the most
recent value of φ(i)

i j . If acknowledgment flag sent by node i is

different from its previous value, node j updates µ( j)
ji , which is

set to its local flow estimate, φ( j)
i j , and also updates its acknowl-

edgement flag, ν( j)
ji , and µ(i)

i j and sends them to node i; node j

also uses received φ(i)
i j to carry out flow averaging and update its

flow estimate φ( j)
i j . Once a new acknowledgement flag arrives

from node j, node i uses µ(i)
i j and µ( j)

ji to perform averaging in

(35) to update φ(i)
i j .

By following the steps in the proof of [24, Proposition 3],
the algorithm in (34) – (36) based on the acknowledgement
scheme in (30) – (33) converges to the minimum of DOD, if∑∞

k=1 s2[k] < ∞ and
∑∞

k=1 s[k] = +∞. Regarding the proof of
[24, Proposition 3], we note that it assumes that the subgradient
of the cost function hi(P, φ) is bounded; it can be easily shown
that this boundedness condition for the subgradient holds for
the proposed algorithm in (34) – (36). As a final remark, if s[k]
is constant, then, (34) – (36) converges to the minimum of DOD
within some error bounded by the stepsize s[k]. Later through a
numerical example, we demonstrate that the constant stepsizes
are not practical because of the resulting slow convergence. To
this end, we propose a scheme for computing the stepsizes to
ensure faster convergence.

3.4. Imbalance-Driven Adaptive Stepsize
As noted previously, a broad class of stepsizes allow to

achieve convergence. One such stepsize, which is diminishing
with k, is of the form s[k] = a

k+b , where a and b are parameters
to be chosen. Finding the right values for these parameters so
as to ensure fast convergence for all scenarios and initial con-
ditions, might be impossible. For example, when initial flows
are far from the solution, setting a and b to some large values
is needed in order to avoid slow convergence when k is large.
However, these values cause an oscillatory behavior at the ini-
tial iterations or when initial flows are close to the solution,
which results in deviating from the optimal solution.

To address these issues, we introduce a stepsize that adapts
based on the maximum flow imbalance, namely, b[k] B
max
i∈V
|bi[k]|. Such scheme has certain parameters that are tuned

on-line based on the evolution of the maximum flow imbal-
ance. We give the following intuition behind its operation. Let
Bε B {x ∈ R : |x| ≤ ε}. For any given ε, if s[k] is too
large, b[k] will never enter the ball Bε . This suggests that s[k]
be small enough to avoid oscillation of the flow balances |bi[k]|
around Bε , without entering it, but large enough to avoid slow
convergence.

In Algorithm 1, we provide the pseudocode for the proposed
adaptive stepsize scheme, which consists of two parts. In the
first part, if b[k] is inside Bε , the radius of Bε , ε[k], is decreased,
and the stepsize s[k] is also decreased to make sure b[k] enters
a smaller ball Bε . Note that s[k] = ξ[k]ε[k] depends on two
parameters ε[k] and ξ[k]. Here, ε[k] determines the radius of
the ball Bε . The value of ξ[k] is decreased to reduce the stepsize
if, after a certain amount of time, b[k] is not inside the ball Bε ,
which is exactly what is implemented in the second part of the
proposed algorithm. Here, b[k] is compared to b[k − w] and
b̃[k] denoting an average of b[k] over w iterations, i.e., b̃[k] B
1
w
∑k−1
τ=k−w b[τ].

Finally, we note that ρ ∈ (0, 1) and κ ∈ (0, 1) are the constant
parameters which determine the rate of reduction of ε[k] and
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Algorithm 1: Imbalance-driven adaptive stepsize.

. Part 1
1: if b[k] < ε[k] then
2: ε[k]B ρε[k − 1] . Decrease radius of ball Bε
3: ξ[k]B ξ[k − 1] . Fix ξ[k]
4: s[k]B ξ[k]ε[k] . Shrink stepsize
5: end if

. Part 2
1: if no improvement after w iterations, i.e., b[k] > b[k − w], b̃[k]

then
2: ε[k]B ε[k − 1] . Fix radius of ball Bε
3: ξ[k]B κξ[k − 1] . Decrease only ξ[k]
4: s[k]B ξ[k]ε[k] . Shrink stepsize
5: end if

Table 1: Stepsize parameters.

Adaptive stepsize κ = 0.93, ρ = 0.9, w = 10,

ε(0) = b(0)/2, ξ(0) = 0.2/γ
Constant stepsize α = 0.3/γ
Diminishing stepsize a = 1/γ, b = 1

ξ[k], and ε[k] and ξ[k] are initialized such that ε[0] = b[0]/2 or
less, and ξ[0] = 1/γ or less.

4. Numerical Example

In this section, we illustrate the usefulness of our theoretical
results via simulations using the IEEE 39–bus test system with
10 generators; the topology of this system is shown in Fig. 1.
All model parameters are taken from [26] with a few modifica-
tions. To make the system lossier, values of all series conduc-
tances, gi j’s, have been increased by a factor of 10, and the base
voltage has been decreased by a factor of 500; this turns the test
system into a low voltage network with substantial losses.

Here, we assume that the test system is connected to the bulk
grid through a single tie-line at bus 22. The goal here is to coor-
dinate DERs to supply power to loads within the microgrid and
required amount of power through the tie-line to the bulk grid
as specified by an independent system operator (ISO) [27, 28].
In particular, the ISO sends a regulation signal every 2 to 4 s,
which specifies the amount of power that needs to be supplied
through the tie-line. This problem can be cast as DOD′, solved
every time when a new regulation signal is received. We con-
sider a sequence of regulation signal values, namely, the PJM
RegD signal from December 2016 [29]; see Fig. 2.

To ensure that a minimum of DOD′ is a minimum of DOD1,
we choose γ = 12.5 > L/β, λ = 13 > γ, and µ = 40 > γ + Lv,
as suggested by Propositions 1 – 3. We execute the algorithm
in (34) – (36) and test its performance for three different step-
size rules: (i) the adaptive stepsize in Algorithm 1, (ii) the con-
stant stepsize s[k] = α, α > 0, and (iii) the diminishing static
stepsize s[k] = a

k+b , with positive constant parameters a and
b. Values of the parameters of the stepsize rules are given in
Table 1. For practical purposes, the number of the instances,

Figure 1: IEEE 39-bus test system.

when two neighbors i and j exchange and average their esti-
mates of the flow φ∗i j, is limited to 50 per every 2 s. Note that,
between such averaging instances, nodes i and j update their
local estimates using only local information, and, thus, several
iterations can take place before communication is established
between these two nodes. Figure 2a shows the numerical re-
sults for the adaptive stepsize, where we provided plots of the
regulation signal sent by ISO and active power flowing through
the tie-line into the bus 22; the tie-line power is able to closely
track the regulation signal, under communication delays. Obvi-
ously, the tracking quality can be improved if the number of the
averaging instances between neighboring nodes is increased.

We conducted similar numerical experiments for other step-
sizes, the constant and diminishing static stepsizes. Fig-
ures 2b – 2c demonstrate that with these stepsizes the tie-line
power is not able to track the regulation signal well, and many
more iterations are required in order to achieve satisfactory
tracking. We note that no pre-determined values for a and b
ensure satisfactory convergence for the given regulation sig-
nal and random load variations, which motivates the adaptive
way of choosing the stepsizes s[k]’s based on the flow balances,
bi[k]’s. As seen in Figure 2, the adaptive stepsize scheme sig-
nificantly improves convergence since by using the maximum
flow imbalance, b[k], it is able to better adapt to fluctuations in
load and the regulation signal.

Figure 2 illustrates the fact that by solving DOD′ using the
proposed algorithm in (34) – (36) with the adaptive stepsize we
are able to satisfy all constraints in DOD1, i.e., the power bal-
ance constraint in (8), capacity constraints on the power outputs
of the generators and the line constraints on the power flows.
We also closely track the optimal solution, where the resulting
cost is within 5-7% of its optimal value. The optimal solution
can be tracked even better if we increase the execution time.
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Figure 2: Tie-line power and regulation signal as a function of time for dif-
ferent stepsize rules (from top to bottom): (a) adaptive, (b) constant, and (c)
diminishing static stepsizes.

Theoretically, the adaptive stepsize allows to achieve conver-
gence to the optimal solution within any given error if the pa-
rameter w is taken to be large enough. But since in practice it is
more preferable to limit the execution time and work with some
good approximation of the optimal solution, we choose w to be
smaller than the conservative value provided by the theory. If a
very close convergence to the optimal solution is needed, then,
the algorithm may as well switch from using the adaptive step-
size to using the diminishing static stepsize after a certain num-
ber of iterations, because the diminishing static stepsize always
guarantees convergence to the optimal solution.

5. Conclusion

We have proposed a distributed algorithm that allows us to
determine, under bounded time-varying communication delays,
the optimal power outputs of a set of DERs in a power distribu-
tion network. The proposed approach minimizes the line losses
and takes into account the network constraints. To improve the
convergence rate, the algorithm uses the adaptive stepsize com-
puted based on the maximum flow imbalance of the network.
We have demonstrated through numerical simulations that the
adaptive stepsize significantly outperforms diminishing static
or constant stepsizes.
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