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Abstract— This paper presents parametric assumptions un-
der which the classical Kuramoto model can be uncovered
from full-order models of an interconnected group of grid-
forming inverters based on droop control, virtual synchronous
machine control and/or dispatchable virtual oscillator control.
The equivalence is established with reduced-order models that
are derived by leveraging singular-perturbation analysis, time-
domain Kron reduction of the network dynamics, and a partic-
ular control configuration that is based on the inductance-to-
resistance ratio of interconnecting transmission lines. Numerical
results compare the phase and frequency response of the full-
order model and the reduced-order Kuramoto model.

I. INTRODUCTION

The emergence of inverter-based generating resources in
power systems has led to a transformation of the electric
power grid. In particular, transitions from synchronous power
generators to grid-forming (GFM) inverter-interfaced coun-
terparts, whose underlying control systems are significantly
different, have altered the dynamic characteristics of the
electric power grid. Characterizing and projecting the impact
of changes brought about by integration of GFM inverters
can be greatly facilitated by identifying equivalences, if they
exist, between dynamic behavior of the GFM inverters and
that of prototypical and classical dynamical systems which
have well-studied attributes.

One such classical system is a network of nonlinear
coupled oscillators whose dynamics are described by the so-
called Kuramoto Model [1]. We provide a brief description
of such a model. Consider a group of n coupled oscillators,
and let ω0 denote their nominal frequency. Also, let ωi
denote the natural frequency of oscillator i. Let aij ≥ 0
denote the coupling strength between oscillators i and j,
with aij = aji, and let δi denote the phase of oscillator i,
relative to a reference frame rotating at frequency ω0. Then,
the Kuramoto Model is described by the relation:

δ̇i = ωi−ω0−
n∑
j=1

aijsin(δi− δj), i ∈ {1, 2, . . . , n}. (1)
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The main contribution of this paper is to demonstrate
how a Kuramoto model can be recovered from the full-
order model of an interconnected and diverse group of
GFM inverter-based resources. We show that there exists
an equivalence between the dynamics of such power net-
works and those of the Kuramoto model. Electrical networks
based on three well-known GFM inverter technologies, droop
control [2], virtual synchronous machine (VSM) control [3],
and dispatchable virtual oscillator control (dVOC) [4], are
considered. Full-order models are developed for a group of
such GFM inverters that are interconnected via transmission
lines with a homogeneous inductance-to-resistance ratio,
and singular perturbation analysis as well as time-domain
Kron-reduction are employed to derive the Kuramoto model
While there is a vast body of work in the literature that
establishes an equivalence between the dynamics of the
power grid and those of the Kuramoto model, to the best of
our knowledge, these do not consider a diverse mix of GFM
inverter-based resources, present the relevant assumptions,
and rigorously demonstrate the model-order reduction steps
that are involved in recovering the Kuramoto model from the
originating full-order models.

Prior efforts have investigated equivalence of different
GFM control types [5], [6]. The focus of this paper, however,
is to establish an equivalence between GFM control models
and the Kuramoto model presented in (1). This has been
attempted in varying degrees for a wide class of power grid
models in the literature. In [7], the dynamics of the so-
called gradient system, which is used in transient stability
analysis of a power system, and whose corresponding set of
equations are equivalent to those of the Kuramoto model,
are presented. However, the underlying electrical network
is based on synchronous generators, and the authors do
not point out its equivalence with the Kuramoto model—
decades later, authors in [8] identify the connection. In [9],
[10], authors show that the dynamics of droop-controlled
inverters are equivalent to those of the Kuramoto model.
However, in [9], [10] only inverters based on droop control
are considered, and in [9], the Kuramoto-type model is not
derived from the full-order model, and the inverters are
assumed to be connected in a star topology. Compared to the
prior art surveyed above, we demonstrate how to rigorously
derive the Kuramoto model from full-order models of GFM
inverter-based power networks.

II. PRELIMINARIES

In this section, we describe the notation and reference-
frame transformations that are used in this paper.



A. Notation

Consider a vector x ∈ Rn, whose elements are x1, . . . , xn;
then we define sin(x) = [sin(x1), . . . , sin(xn)]>, cos(x) =
[cos(x1), . . . , cos(xn)]>, arcsin(x) = [arcsin(x1), . . . ,
arcsin(xn)]>, T(x) = [cos(x), sin(x)]>. We let diag(x)
denote the n × n diagonal matrix whose diagonal elements
comprise elements of x ∈ Rn. The identity matrix is denoted
by I, the standard basis vector with one in the i-th position
is denoted by ei, and the all-zeros and all-ones vectors are
denoted by O and 1, respectively. (Dimensions of these con-
structs are left unspecified since they can be inferred from the
context.) The dynamical models presented in the remainder
of this paper have been normalized, with all parameters and
variables presented in a per-unit transcription (see, e.g., [11,
p. 75]).

B. Reference-frame transformations

Consider the three-phase signal fabc = [fa , fb , fc]
>,

where fa, fb, and fc form a balanced three-phase set. Let
ω0 and ω denote the nominal angular frequency and the
GFM inverter’s angular frequency, both measured in rad s−1,
respectively. We let

fDQ = [fD , fQ]> and fdq := [fd , fq]
>

denote the dq transformations of fabc to reference frames
rotating at angular frequencies ω0 and ω, respectively (see
[12], pp. 69–114 for more details). Define

δ =

∫ t

0

(ω(τ)− ω0) dτ + δ0, (2)

where δ0 denotes the initial condition of δ; then, signals in
the DQ and dq reference frames are related to the three-
phase signal via

fdq = T(δ)fDQ, fdq = T(δ + ω0t)fabc, (3)

where rotation matrices T(·) and T(·) are defined as

T(θ) =

[
cos θ sin θ
− sin θ cos θ

]
,

T(θ) =
2

3

[
cos θ cos(θ − 2π

3 ) cos(θ + 2π
3 )

− sin θ − sin(θ − 2π
3 ) − sin(θ + 2π

3 )

]
.

III. THE ELECTRICAL NETWORK MODEL

In this section, we present the model for the electrical
network interconnecting the GFM inverters.

A. Graph-theoretic network model

Consider an electric power network comprising b buses
(b > 1) that are interconnected via l transmission lines.
Without loss of generality, assume there is at most one
transmission line connecting each pair of buses. Assign
an arbitrary direction for the positive flow of power along
each transmission line. Then, the topology of the electrical
network together with the chosen orientation can be de-
scribed by a connected directed graph G = (V, E), with
V = {1, 2, . . . , b} denoting the set of buses, and E ⊂
V×V \{(i, i) : i ∈ V} denoting the set of transmission lines

so that (i, j) ∈ E if buses i and j are electrically connected,
with the flow of power from bus i to bus j assigned to
be positive. Let L denote a one-to-one mapping from E to
L = {1, 2, . . . , l} so that, for each (i, j) ∈ E , there exists
a unique k ∈ L that satisfies k = L(i, j). Accordingly,
we can define a node-to-edge incidence matrix, denoted by
M = [mik] ∈ Rb×l, as follows:

mik = 1, if k = L(i, j), (i, j) ∈ E ,
mik = −1, if k = L(j, i), (j, i) ∈ E ,
mik = 0, otherwise.

B. Dynamical model

We consider the case when all transmission lines in
the electrical network are short and have homogeneous
inductance-to-resistance ratios.1 As a result, each line i ∈ L
can be described using a series resistance and inductance,
denoted by ri and li, respectively, that satisfies the relation

li
ri

=
lj
rj
, ∀i, j ∈ L.

We will find it useful to define the time constant associated
with the transmission lines, which we denote as τ`, and
the angle associated with the transmission line impedance
at frequency ω0, which we denote as ϕ, as follows:

τ` =
li
ω0ri

, ∀i ∈ L; ϕ = arctan (τ`ω0) . (4)

Let vDQ,i and iDQ,i denote the dq transformations of
the voltage and current injection at bus i of the electrical
network, respectively; with these, we define the matrices

VDQ =
[
vDQ,1, vDQ,2, . . . , vDQ,b

]
∈ R2×b,

IDQ =
[
iDQ,1, iDQ,2, . . . , iDQ,b

]
∈ R2×b,

R = diag
(
r1, r2, . . . , rl

)
∈ Rl×l,

L = diag
(
l1, l2, . . . , ll

)
∈ Rl×l.

Applying Kirchhoff’s laws to each bus in the electrical net-
work yields the following dynamical model for transmission
lines in the network:

τ`İDQ =
(
τ`ω0T(π2 )− I

)
IDQ + VDQMR−1M>. (5)

IV. THE GRID-FORMING INVERTER MODEL

In this section, we present full-order dynamical models
for GFM inverters that cover the dynamics of droop, VSM,
and dVOC strategies, and also includes detailed models of all
other control- and physical-layer subsystems.2 The full-order
models are based on developments in [2]–[4], [12].

1A transmission line is typically categorized as short if its effective
length is less than 50 miles (80 km) [11, p. 208].

2Given that the electrical network includes multiple GFM inverters, all
variables and parameters associated with the GFM inverter model ought
to be indexed accordingly. However, we exclude such indexing from the
models presented in this section to contain notational burden.



A. Overview

The architecture of the GFM inverter examined in this
work is depicted in Fig. 1. The GFM inverter is voltage
sourced and includes a control system, which sends signals
via a pulse width modulation (PWM) module to the switches
(not depicted), and an LCL filter, which limits high-order
harmonics in the output. The control system comprises: i)
a primary controller, with dynamics that may be based on
droop (the blue-colored box), VSM (the red-colored box), or
dVOC (the green-colored box); ii) two internal proportional-
integral (PI) controllers to regulate voltage and current; and
iii) dq-to-abc transformations based on (3).

B. Primary controller dynamics

Let p and q denote the active- and reactive-power de-
livered to the grid at the filter’s capacitor terminals, and
let pm and qm denote their measured values, respectively.
We define s = [p, q]> and sm = [pm, qm]>. References
for active power, and reactive power are denoted by p?

and q?, respectively, and we define s? = [p?, q?]>. The
voltage-magnitude reference is denoted by e?. Also, let e0
and ω0 denote the nominal inverter voltage magnitude and
the nominal frequency, in per-unit and rad s−1, respectively.
In addition, let ψ ∈ [0, 2π) denote a rotation angle that,
in steady state and when ψ = π

2 , imposes a correlation
between active power and frequency, and between reactive
power and voltage (ψ = 0 does the polar opposite) [4].
While there is flexibility in the choice of ψ based on desired
terminal behavior, we will find in subsequent developments
that setting it equal to ϕ (see (4)) is a key step to recovering
the Kuramoto model. Next, we describe the dynamics of the
three primary control strategies.

1) Droop Control: The droop dynamics are described by:

ω = ω0 +
1

df
e>1 T(ψ − π

2 )(s? − sm), (6a)

e? = e0 +
1

dv
e>2 T(ψ − π

2 )(s? − sm), (6b)

1

ωc
ṡm = −sm + s, (6c)

where ωc denotes the cut-off frequency of a low-pass mea-
surement filter, in units of rad s−1, and df , dv denote droop
coefficients for frequency and voltage, in units of s rad−1

and V−1, respectively.
2) Virtual Synchronous Machine (VSM) Control: VSM

control typically involves a phase-locked loop (PLL) to
compute the frequency of the grid. Let vgdq denote the grid-
side voltage, η denote the internal state variable of the PLL,
and α denote the output phase of the PLL. Then, VSM
control dynamics are described by:

mf

df
ω̇ =− ω + ω0 +

dd
df

(
kPη̇ + ω0kIη)

+
1

df
(e>1 T(ψ − π

2 )(s? − s)), (7a)

e? =e0 +
1

dv
e>2 T(ψ − π

2 )(s? − sm), (7b)
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Fig. 1: A schematic diagram of the full-order GFM-inverter model.
The voltages across the DC and AC side of the inverter are denoted
by vdc and uabc. The PWM module input signal is denoted by
mabc. State variables for the PI controllers are denoted as φdq and
γdq , respectively; corresponding PI gains are denoted by kPv, kIv
and kPi, kIi, respectively. The voltage reference for the three-phase
inverter is denoted by u?dq . The inverter- and grid-side currents
are denoted by iiabc and igabc, respectively; voltage of the filter-
capacitor, c, is denoted eabc, and the bus voltage is denoted vabc.
The inverter-side resistance and inverter-side inductance are denoted
as ri, and li, respectively. The sum of resistive and inductive
elements (from the filter and transmission line) on the grid side
are denoted by rg and lg, respectively.

1

ωc
e>2 ṡm =− e>2 sm + e>2 s, (7c)

1

ω0
η̇ =e>2 T(α)vgdq, (7d)

1

ω0
α̇ =

kP
ω0
η̇ + kIη, (7e)

where dd denotes the damping coefficient, in units of
s rad−1, kP and kI denote the proportional and integral
gains of the PLL, in per-unit, respectively, mf denotes the
mechanical time constant, in units of s2 rad−1. Note that ωc,
df , and dv have the same interpretation as in droop control.

3) Dispatchable Virtual Oscillator Control: The dVOC
dynamics are described by:

ω = ω0 +
ω0κ1
(e?)2

e>1 T(ψ − π
2 )(s? − s), (8a)

1

ω0
ė?=

κ1
e?

e>2 T(ψ − π
2 )(s? − s) + κ2e

?(e20 − (e?)2), (8b)

where κ1 and κ2 denote the synchronization gain and the
voltage-amplitude control gain, in per-unit, respectively.



TABLE I: Universal primary control model and parametric assump-
tions under which it boils down to droop, VSM, and dVOC.

τf ω̇ =− ω + ω0 + κd

(
kPη̇ + ω0kIη)

+ κf e>1 T(ψ − π
2
)(s? − sm),

τv ė
? = κve>2 T(ψ − π

2
)(s? − sm)

+ fv(e
?),

τpṡm =− sm + s,

1

ω0
η̇ = e>2 T(α)vgdq ,

1

ω0
α̇ =

kP

ω0
η̇ + kIη.

(9)

universal

primary

control

τf τv τp κd κf κv fv(e?)

droop 0 0 1
ωc

0 1
df

1
dv

−e? + e0

VSM mf
df

0 1
ωc

dd
df

1
df

1
dv

−e? + e0

dVOC 0 1
ω0

0 0
ω0κ1
(e?)2

κ1
e?

κ2(−(e?)2

+e20)e
?

Universal Primary Control Model. We can define a model
whose dynamics, under certain parametric assumptions, boil
down to those of droop, VSM, or dVOC discussed above. We
refer to such a model as the universal primary control model.
Let τf , τv, and τp denote time constants for the frequency,
voltage, and power control dynamics, respectively, in units
of s rad−1. Let κd denote the ratio of the damping and fre-
quency droop coefficients, in per-unit; let κf and κv represent
the (inverse) frequency and voltage droop coefficients of the
primary control, in rad s−1 and per-unit, respectively; and let
fv(·) denote a function whose output represents a measure of
the deviation of its argument from e0. Then, the dynamics of
the universal primary control model are described by (10) in
Table I, with the parametric assumptions under which droop,
VSM, and dVOC are recovered listed alongside.

C. Filter, voltage- and current-controller dynamics

The averaged dynamics of the LCL filter, voltage con-
troller, and the current controller depicted in Fig. 1 are
described compactly by

li
ω0ri

i̇idq = −iidq +
kPi
ω0ri

γ̇dq +
kIi
ri
γdq, (10a)

c

ω0
ėdq =

ωc

ω0
T(π2 )edq + (iidq − igdq), (10b)

1

ω0kIv
φ̇dq =

1

kIv
e1e

? − 1

kIv
cT(π2 )edq, (10c)

1

ω0kIv
γ̇dq =

kPv
ω0kIv

φ̇dq + φdq +
1

kIv
igdq

− ω

ω0kIv
cT(π2 )edq −

1

kIv
iidq. (10d)

D. Network interface for GFM models

Consider the GFM inverter connected to bus i of the
electrical network through a transmission line. The dynamics
of the grid-side current, i.e., the current flowing from the
GFM inverter’s capacitor terminals to the electrical network,

are described by

lg,i
ω0rg,i

i̇gdq,i =
( ωlg,i
ω0rg,i

T(π2 )− I
)
igdq,i

+
1

rg,i
(edq,i − vgdq,i), (11)

and the corresponding active- and reactive-power injections
at the capacitor terminals are given by:

pi = e>dq,iigdq,i, qi = e>dq,iT(−π2 )igdq,i. (12)

Let sr,i, sr,0 denote the rated three-phase powers of the GFM
inverter and the electrical network, respectively, and define:

σi =
sr,0
sr,i

. (13)

With the above definitions, the current injection and terminal
voltage at bus i of the electrical network are given by

iDQ,i =
1

σi
T(−δi)igdq,i, vDQ,i = T(−δi)vgdq,i. (14)

V. MODEL-ORDER REDUCTION: DERIVING THE
KURAMOTO MODEL

In this section, we first establish the assumptions under
which the Kuramoto model can be recovered from full-order
models of GFM inverters and the interconnecting electrical
network. We also describe how Kron reduction is leveraged
to develop a reduced-order model of the grid-side current and
electrical network dynamics. With these, we present the main
results of this paper, wherein singular perturbation analysis
and a design choice of ψ = ϕ return the Kuramoto model
from the full-order model of GFM inverters and the network.

In what follows, for an interconnected collection of n
GFM inverters, we adopt the notation below for GFM
inverter-related signals and parameters:

δ = [δ1, . . . , δn]>, ω = [ω1, . . . , ωn]>,

Kf = diag
(
κf,1, . . . , κf,n

)
, Σ = diag

(
σ1, . . . , σn

)
,

p? = [p?1, . . . , p
?
n]>, q? = [q?1 , . . . , q

?
n]>.

A. Parametric assumptions

For each GFM inverter connected to a bus in the electrical
network, we represent its dynamics using the universal
primary control model in (9), and we make the following
reasonable assumption, which is based on parameter values
reported in the literature [4], [10], [13]–[15].

Assumption 1. There exists a small parameter ε, as well as
constants λ1, . . . , λ14 ∈ (0, 1], such that: τf = λ1ε, τv =
λ2ε, τp = λ3ε, κd = λ4ε, κv = λ5ε,

kP
ω0kI

=

λ6ε,
1

ω2
0kI

= λ7ε,
li
ω0ri

= λ8ε,
c
ω0

= λ9ε,
lg
ω0rg

=

λ10ε,
kPi

ω0kIi
= λ11ε,

kPv

ω0kIv
= λ12ε,

1
ω0kIv

=
λ13ε, τ` = λ14ε.

Additionally, we require the following assumptions on the
angular frequency of the GFM inverter, and the inductance
and resistance of its filter and interconnecting lines.



Assumption 2. The angular frequency of the GFM inverters
satisfy the constraint∣∣∣ωi − ω0

ω0

∣∣∣ ≤ ε, ∀i = {1, 2, . . . , n}.

Assumption 3. The time constants associated with the grid-
side currents of the LCL filter are equal to those associated
with the transmission line currents. In otherwords, the grid-
side inductive component of the LCL filter and transmission
line impedances are such that:

lg,i
rg,i

= τ`ω0, ∀i = {1, 2, . . . , n}.

B. Time-domain Kron-reduction

Consider an electrical network with b buses and l trans-
mission lines, whose dynamics are described by (5). Suppose
that buses 1 to n, where n ≤ b, have a GFM inverter,
whose dynamics are described by (9) and (10), connected to
them, whereas buses n+ 1 to b have no additional elements
connected to them. Then, without loss of generality, let the
first n rows of M be associated with buses 1 to n, and the
other rows be associated with buses n+ 1 to b. Accordingly,
M ∈ Rb×l, IDQ ∈ R2×b, and VDQ ∈ R2×b can be partitioned
as follows: M =

[
M>1 , M

>
0

]>
, IDQ =

[
I1DQ, 0

]
, VDQ =[

V1DQ, V0DQ
]
, where M1 ∈ Rn×l, M0 ∈ R(b−n)×l, I1DQ ∈

R2×n, V1DQ ∈ R2×n, and V0DQ ∈ R2×(b−n). We define:

Rg = diag
(
rg,1, . . . , rg,n

)
∈ Rn×n,

EDQ =
[
T(−δ1)edq,1, . . . , T(−δn)edq,n

]
∈ R2×n.

Then, using (11), (14), and Assumption 3, the dynamics of
the grid-side current of all LCL filters are described by

τ`İ1DQ =
(
τ`ω0T(π2 )− I

)
I1DQ + (EDQ − V1DQ)(ΣRg)−1.

(15)

Substituting this expression appropriately into (5), while
recognizing that IDQ =

[
I1DQ, 0

]
, it follows that we obtain

the following algebraic relationships:

0 = (V1DQ − EDQ)(ΣRg)−1 + V1DQM1R
−1M>1

+ V0DQM0R
−1M>1 , (16a)

0 = V1DQM1R
−1M>0 + V0DQM0R

−1M>0 . (16b)

The matrix M0R
−1M>0 is strictly diagonally dominant,

and is therefore invertible (see e.g., [16, Corollary 5.6.17]).
Following from [17, Lemma 2.1], there exists a directed
graph Ge =

(
Ve, Ee

)
with incidence matrix Me ∈ Rn×|Ee|

and diagonal matrix Re ∈ R|Ee|×|Ee| such that

MeR
−1
e M>e = M1R

−1M>1

−M1R
−1M>0

(
M0R

−1M>0
)−1

M0R
−1M>1 . (17)

Consequently, if (16b) is used to solve for V0DQ as a function
of V1DQ, the result is substituted into (16a), and (17) is used
to simplify the result, we have that the electrical network
dynamics are described by

EDQ(ΣRg)−1 =V1DQ
(
MeR

−1
e M>e + (ΣRg)−1

)
. (18)
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Fig. 2: Recovering a Kuramoto-type model from the full-order
model of a 3-bus GFM inverter-based power network. Connected
to buses 1, 2, and 3 are a dVOC-, droop-, and VSM-based GFM
inverter, respectively. Time-domain Kron reduction facilitates the
systematic elimination of buses 1, 2, 3, singular perturbation reduces
the model order of the GFM inverter and network dynamics; and
the choice ψ = ϕ recovers the Kuramoto model.

The matrix (MeR
−1
e M>e + (ΣRg)−1) is also strictly diago-

nally dominant, and is therefore invertible. Also, following
from [17, Lemma 2.1], there exists a directed graph Gb =(
Vb, Eb

)
with incidence matrix Mb ∈ Rn×|Eb| and diagonal

matrix Rb ∈ R|Eb|×|Eb| such that

MbR
−1
b M>b = (ΣRg)−1 − (ΣRg)−1

(
MeR

−1
e M>e

+ (ΣRg)−1
)−1

(ΣRg)−1. (19)

Consequently, if (18) is used to solve for V1DQ as a function
of EDQ, the result is substituted into (15), and (19) is used
to simplify the result, we have that the dynamics of the grid-
side current and the electrical network are described by

τ`İ1DQ =
(
τ`ω0T(π2 )− I

)
I1DQ + EDQMbR

−1
b M>b . (20)

In effect, buses with no inverters are eliminated, the bus
that the GFM inverters are connected to are also eliminated,
and the end result is a reduced-order network in which the
capacitive elements of the LCL filters in the GFM inverters
are directly interconnected. See Fig. 2 for an illustration.

C. Recovering the Kuramoto model and inferences

Consider n GFM inverters that are interconnected via an
electrical network with b buses and l transmission lines.
The theorem below, whose proof is excluded due to page
limitations, establishes the equivalence of the GFM inverter
dynamics and those of the Kuramoto model.

Theorem (The Kuramoto Model). Under Assumptions 1–3,
and with a design choice of ψ = ϕ, the dynamics of the
GFM inverters and interconnecting transmission lines can
be described by the Kuramoto model

δ̇ = Kf

(
p? sinϕ− q? cosϕ− e20ΣMbYbsin

(
M>b δ

))
, (21)

where Yb = 1√
1+τ2

` ω
2
0

R−1b is a diagonal matrix whose

diagonal elements comprise magnitudes of transmission-line
admittances for the Kron-reduced network, and e0 is a scalar
variable.

Note that (21) has the same structure as the Kuramoto
model introduced in (1). To see the precise equivalence,
let Lb denote a one-to-one mapping from Eb to Lb =
{1, 2, . . . , |Eb|} so that, for each (i, j) ∈ Eb, there exists
a unique k ∈ Lb that satisfies k = Lb(i, j). Also, let rb,k



denote the k-th diagonal element of Rb. Then, the following
terms are equivalent in both models:

κf,i(p
?
i sinϕ− q?i cosϕ) ≡ ωi − ω0,

e20κf,iσi

rb,k
√

1 + τ2` ω
2
0

≡ aij .

D. Simulation results

The three-bus networks depicted in Fig 2 are simulated
using the models presented in Sections III, IV, and V. The
phase and frequency response of both models are visualized
in Fig. 3. With step-changes applied to the active and reactive
power setpoints, the same simulation is run using the full-
order model and the Kuramoto model, and responses of both
models are compared. At t = 0 s, we have p? =

[
−2, 1, 1

]
and q? =

[
0.1, 0.4, −0.5

]
, at t = 2.5 s, we have p? =

[
−

3, 0.5, 0.5
]

and q? =
[
−0.3, −0.1, −0.1

]
, and at t = 7.5 s,

we have p? =
[
− 2, 1.5, 1.2

]
and q? =

[
0.1, 0.2, 0.2

]
.

The numerical results presented in Fig 3 demonstrate that
phase and frequency response of the Kuramoto-type model
approximately tracks those of the full-order model.

VI. CONCLUDING REMARKS

This work demonstrated how a Kuramoto model can be
recovered from the full-order model of inverter-based power
networks. Specifically, three grid-forming inverter technolo-
gies were considered, namely droop control, virtual syn-
chronous machine control, and dispatchable virtual oscillator
control. Full-order models were developed for electric power
networks based on them, and singular perturbation analysis
as well as Kron reduction were used to derive the Kuramoto
model. Simulation results indicate that the response of the
Kuramoto model closely tracks that of the full-order model.
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TABLE II: Model Parameter Values.
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Fig. 3: Phase and frequency response of the full-order and Kuramoto models depicted in Fig. 2. The full-order GFM models are adopted
from Fig. 1.


